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PREFACE

The goal of this course is to present a series of stochastic models from population dy-
namics capable of describing rudimentary aspects of DNA sequence evolution. Most of
the course focuses on the Wright-Fisher model and its variations, describing a popula-
tion of individuals (= genes) of different types (= alleles) organised into a single colony
and subject to resampling, mutation and selection, as well as populations organised into
multiple colonies subject to migration. These models capture core phenomena arising
in population genetics, including the genealogy of populations.

The course assumes basic knowledge of probability theory, but not of population genet-
ics.

Key words: Evolutionary forces (resampling, mutation, selection, migration, recombi-
nation), Wright-Fisher model, Moran-model, Wright-Fisher diffusion, duality, Kingman
coalescent, most recent common ancestor, stepping stone model, hierarchically inter-
acting Wright-Fisher diffusions, renormalization, universality.
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1 Genetic background

Section 1.1 gives a brief sketch of the role of DNA in genetic evolution, Section 1.2
describes the five main evolutionary forces, while Section 1.3 provides an outline of the
course. For further background, see the website [www.dnaftb.org].

1.1 DNA

The hereditary information of most living organisms is carried by DNA molecules. DNA
usually consists of two complementary chains twisted around each other to form a double
helix (see Fig. 1). Each chain is a linear sequence of four different nucleotides:

A = adenine
C = cytosine
G = guanine
T = thymine

These nucleotides pair in the combinations A — T and C' — G via hydrogen bonds. The
binding energies in the two pairs are different. Each pair has a size of about 20A, where
1A = 107%m. The order in which the pairs occur is specific to each living organism
and is referred to as the genome of that organism.

— = Adenine
=3 = Thymine
=3 = Cytosine

=3 = Guanine

1= Phosphate

backbone

Figure 1: DNA double helix.

The yeast genome, for instance, consists of a sequence of 1.2 x 107 base pairs in
which the nucleotides occur with approximate frequencies

A: 0.3090

C: 0.1917

G: 0.1913

T: 0.3078
_|_

0.9998

Note that the pairs A — T and C' — G do not occur with equal frequency. The human
genome consists of 3 x 10° base pairs, the longest polymer chain known to date. When
folded out, the human DNA molecule is 6m long!
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DNA is situated in the chromosomes, which reside in the nucleus of the cells (see
Fig. 2). DNA plays the role of a genetic codebook. Embedded in the long string of base
pairs that make up the genome there are so-called (protein-coding) genes. FEach gene
itself consists of a large number of base pairs. Genes come in different types, called
alleles. In the human genome are embedded 6 x 10* different genes, pieces of DNA
that play a specific genetic role. Apparently, some of the information encoded in DNA
serves no purpose (and is to be interpreted as noise).

Figure 2: Copies of the DNA double helix in the cell.

Genes are transcribed into (messenger) RNA, which subsequently is translated into a
multitude of different proteins. Both these mechanisms are highly complex. (RNA uses
uracil U instead of thymine 7" and is single-stranded.) Proteins perform a multitude
of tasks: they are the workhorses of life. Amino acids are the basic structural units of
proteins. All proteins in all organisms, from bacteria to humans, are constructed from
20 different amino acids.

Alleles compete for a specific location on the chromosome, called locus. This compe-
tition is not direct, but rather takes place via their phenotypical characteristics (like eye
sight, muscle strength, fur color): the manifestation of genes at the level of anatomy,
physiology and behaviour. The fate of a gene is linked to the bodies in which it resides
during successive generations, according to Darwin’s survival of the fittest principle.

Remark:

(1) The genotype of a cell or an organism is the specific makeup of its alleles. The
genotype differs from the genomic sequence: while the genomic sequence is an
absolute measure of the base pair composition, the genotype typically is a measure
of how an organism differs within a group of organisms. The genotype of an
organism is the inherited instructions it carries within its genetic code.

(2) The phenotype is the composite of an organism’s observable characteristics or
traits, such as its morphology, development, biochemical and physiological prop-
erties, and behaviour. Phenotypes result from the expression of an organism’s
genes, as well as from the influence of environmental factors. Not all organisms
with the same genotype look or act the same way, because appearance and be-
haviour are modified by environmental and developmental conditions. Likewise,
not all organisms that look alike necessarily have the same genotype.
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1.2 Genetic evolution

DNA is subject to different types of evolutional forces. One type is resampling, in which
genetic material is passed on from one generation to the next. Lower organisms (such as
bacteria) are haploid, i.e., the chromosomes carry only one copy of the genetic material.
Most higher organisms (such as humans) are diploid, i.e., the chromosomes carry two
copies of the genetic material. (Some plants have more than two copies.) When haploid
individuals reproduce, there is one parent that passes one copy of its genetic material to
its offspring. When diploid individuals reproduce, there are two parents each of which
passes one copy to its offspring. Before being passed on, the two copies of a chromosome
may exchange genetic material, a phenomenon that is called recombination.

Another type of evolution is mutation, corresponding to a spontaneous local change
in the content or the order of the base pairs. For instance, nucleotides may be substi-
tuted by others: the substitutions A <+ G and C' <> T are called transitions, all other
substitutions are called transversions. Mutations occur all the time, but are mostly
repaired by enzymes. The non-repaired mutations are called deleterious mutations,
which may or may not be lethal. It turns out that, in the nucleus, transitions occur
1020 times more frequently than transversions (in mitochondria, which are membrane-
enclosed organelles found in most eukaryotic cells, they occur at more or less the same
frequency). It is more probable for a transversion to be a deleterious mutation than for
a transition.

Yet another type of evolution is selection. This means that different alleles may
have different predispositions for resampling, for instance, different rates at which they
resample. A further ingredient may be migration, i.e., genetic material is transmitted
between different populations because the individuals carrying this material travel from
one population to the next.

1.3 What will be covered in the course?

In this course we will focus on the so-called Wright-Fisher model for the evolution of
a population of genes. In Part I (Chapters 2-5) we consider the single-colony Wright-
Fisher model, describing a population of genes subject to resampling, mutation and se-
lection. In Part II (Chapters 6-7) we look at the multiple-colony Wright-Fisher model,
describing a population that additionally is subject to migration. We will not be in-
cluding recombination, since this is much harder to analyse.

There are other interesting aspects of DNA evolution that we are also not addressing,
e.g. the effects of damage in DNA, or the fact that DNA has denaturated pieces, i.e.,
pieces where the two strings are locally detached as a result of the absorption of heat.
The Wright-Fisher model is extremely rudimentary, yet it captures a number of key
aspects of genetic evolution and serves as a jump board for much more sophisticated
analysis. The literature is vast. Monographs that focus on the biological background
are Hein, Schierup and Wiuf [15], Hartl and Clark [14] and Wakeley [21]. A monograph
with a more mathematical flavour is Durrett [10].

Throughout the course we need some basic facts about special probability distribu-



tions (binomial, geometric, Poisson, exponential, beta, gamma) and elementary stochas-
tic processes (discrete-time and continuous-time Markov chains, Poisson point processes,
random walk, Brownian motion). A brief list is provided in Appendix A. The reader
needs to familiarise him/herself with key probabilistic notions, which can be found in
any textbook on probability theory and stochastic processes.

Appendix B looks at two key processes for the genealogy of populations described
in Section refS3. Throughout the lecture notes there are exercises to help the reader
grasp the material by working out the details of some of the steps in the presentation.



Part 1
Single-colony Wright-Fisher
populations

Part 1 is devoted to the evolution of a single population subject to resampling, mutation
and selection.

In Chapter 2 we look at the standard Wright-Fisher model, where only resampling
takes place. We first consider finite populations consisting of individuals of two types
evolving under neutral resampling, and derive a few basic properties. After that we
pass to the scaling limit where the size of the population is taken to infinity and time is
scaled appropriately. This leads to a limiting process, called the Wright-Fisher diffusion,
which we analyze in some detail. Next, we show that this limiting process has a dual
that allows for easy computations.

In Chapter 3 we show that the dual process can be understood in terms of a coalescent
process, called the Kingman coalescent, which captures the genealogy of finite samples
drawn from a large population, i.e., it looks backwards in time and describes the an-
cestral relationships within the population. We also look a the most recent common
ancestor of the population, and determine how far back in time this ancestor lived.
The presentation of the material in Sections 3.1-3.2 is taken from the bachelor thesis
of Maurits Carsouw [4].

In Chapters 4-5 we look at two variations of the standard Wright-Fisher model obtained
by adding mutation, respectively, selection. In the case of weak mutation, respectively,
weak selection, the large space-time scaling limit can again be analyzed in some de-
tail. We also look at statistical methods that allow for an estimation of mutation and
selection parameters.



2 Wright-Fisher: basic properties

In this chapter we introduce the Wright-Fisher model. The simplest version of this
model dates back to the 1940’s, i.e., before the discovery of the double-helix structure
of DNA by Crick and Watson in 1950 (which provides the molecular basis of evolution).
However, it was known much earlier that DNA is the carrier of hereditary information.
The standard WF-model is used to describe the evolution of a population of individuals
(= genes) of two different types (= alleles), called A and a. These types are neutral,
i.e., their reproductive success does not depend on the type, and their reproduction is
random. In Section 2.1 we describe the model and derive a few of its key properties. In
Section 2.2 we look at a continuum limit of the standard WF-model that is obtained
by scaling space and time. The limit is called the WF-diffusion, and is computationally
more tractable. In Section 2.3 we show that the WF-diffusion is dual to a death process.

2.1 Standard model
2.1.1 WPF-model: parallel resampling

Consider N haploid individuals, each carrying 1 copies of a specific genetic locus (a
location of interest in the genome). Each individual (= gene) can be of two types (=
alleles), A and a, which correspond to two different pieces of genetic information at the
same locus.

Figure 3: Resampling in the WF-model: the types at time n — 1 determine the types at time
n.

Suppose that at each time unit each individual randomly chooses another individual
(possibly itself) from the population and adopts its type (“parallel updating”). This is
called resampling, and is a form of random reproduction (see Fig. 3). Suppose that
all individuals update independently from each other and independently of how they
updated at previous times. We are interested in the evolution of the following quantity:

X,, = number of A’s at time n. (2.1)

Note that the total population size N is fixed. In what follows we will be mainly
interested in the case N > 1. Later we will even pass to the limit N — oo.

Remark: For humans, one unit of time corresponds to one generation, so roughly 20
years. For plants, one unit of time typically is 1 year, for bacteria typically a few days
or a few hours.
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Remark: The WF-model is a model for haploid individuals. However, it may reason-
ably be used for diploid individuals as well, by considering a population of size 2N.
Some constraints need to be imposed on the resampling, because even in a genderless
reproduction an individual cannot inherit two copies from the same ancestor.)

Remark: The biology behind the WF-model is the gene pool approach. Every individ-
ual produces a large number of gametes of the same type as the individual itself. (A
gamete is a cell that fuses with another cell during fertilisation in organisms that repro-
duce sexually.) The offspring generation is then formed by sampling N times without
replacement from this gene pool. This is basically the same as sampling with replace-
ment from the parent population, so that effectively the offspring individuals choose
their parents from the parent population with replacement and inherit their type.

e . ° °
0 1 2 N-2 N-1 N

Figure 4: Q, the state space of the Wright-Fisher model.

Throughout the course we write N for the set of positive integers and Ny = NU {0}
for the set of non-negative integers. The sequence X = (X, )nen, is the discrete-time
Markov chain on the state space

Q=1{0,1,...,N} (2.2)

(see Fig. 4 and Appendix A.2.1) with transition kernel

p(i,j) = (Jj) <%)J (N]\;i)N_j, i,j € Q. (2.3)

Indeed, given that at time n the number of individuals of type A equals 4, in order
to get j individuals of type A at time n + 1, precisely j individuals have to choose an
individual of type A and N — j individuals have to choose an individual of type a. The
latter two events occur with probabilities given by the second and the third factor. The
number of ways to choose j individuals from N is given by the first factor. As initial
condition we may pick any Xy € 0, e.g. Xg = % (= half of the population has type A,
the other half has type a).

The states 0 and N are traps: p(0,0) = p(N, N) = 1. Since all other states commu-
nicate, the process eventually gets trapped, in which case all individuals have the same
type (all A or all a).

’Eventually genetic variability is lost through chance.

This fact is an important consequence of Darwinian evolution based on chance!
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Remark: Figures 7.4-7.5 in Hartl and Clark [14] show loss of genetic variability found
in 107 populations of Drosophila melanogaster with N = 16 diploid entities and n = 19
generations.

We are interested in computing the time until fixation, i.e., the stopping time
T=inf{n € Ng: X,, =0o0r X,, = N}, (2.4)

as well as the probability of fixation at N, i.e., X, = N. We also want to understand
how the process behaves prior to 7. The answer will depend on N and X, and is
formulated in Lemmas 2.1-2.2 below.

Lemma 2.1 P(X, =N | Xo =1) = +.

Proof. Abbreviate p; = % Then (2.3) says that p(i,-) = BIN(N,p;)(+), the binomial

distribution with NV trials and success probability p;. Hence

What this says is that our Markov chain X is a martingale, i.e., a random process
without bias (see Appendix A.2.2). Since the state space (2 is finite, we have P(7 <
o0) = 1 and

lim X, = X, a.s. (2.6)

n—oo

Next, iterating (2.5), we may write
i =E(X, | Xo=1) =EX,;1{r <n}|Xo=1) +EX,1{r >n} | Xo=1), (2.7

where we use that X,, = X, when 7 < n. Now let n — 0o and use the dominated
convergence theorem, to see that the first term tends to E(X, | Xo = ¢) and the second
term tends to zero. Thus, we have

E(X, | Xo=1) =1. (2.8)

But
E(X, | Xo=1)=0xP(X, =0| Xo=i) + N x P(X, = N | Xo = 9). (2.9)
Combine (2.8-2.9) to get the claim. |

To investigate E(7), we consider the quantity

_2X,(N - X,)

S )

(2.10)
This is called the genetic variability of the population at time n and equals the proba-
bility that two different individuals randomly drawn from the population at time n are
of different type. Since H, = 0, the quantity 1 — H,, is sometimes called the fixation
index at time n.

12



Lemma 2.2 E(H, | Hy) = (1 — +)"Ho, n € No.

Proof. Randomly draw two individuals at time n. Draw the two backward ancestral
paths of these two individuals, i.e., the paths labelling the individuals that were chosen
as ancestors at all previous times (see Fig. 5). These paths, which are random, contain
the full genealogical history of the two individuals. When traced backwards in time,
these paths behave as two coalescing random walks on {1, ..., N}, the labelling space of
the population: they jump randomly and merge into one upon meeting. At each unit of
time (in the backward sense), the two random walks have probability % to meet, since
they jump uniformly between the labels. The probability that they do not coalesce
up to time n (which is time 0 in the forward sense) equals (1 — +)". Clearly, the two
individuals at time n are of different type if and only if their ancestral lineages do not
coalesce and at time 0 are of different type. The latter has probability Hj, the genetic
variability of the initial state X,. |

0 e . o

1 o °

2 e .

3 e o o

1 e .
A A a

Figure 5: Example of backward ancestral paths for N = 6 and n = 4. Time runs downwards.

The proof of Lemma 2.2 shows that
1 n

Exercise 2.3 Check (2.11).

Hence E(7 | Ho) = >, oy, P(T > n | Hy) > NH,. Thus, fixation is slow in large
populations. In Section 2.2 we will see that E(r | Hp) is proportional to NH as
N — 00, a property that goes under the name of inbreeding.

The time until genetic variability is lost is proportional to the size
of the population.

13



2.1.2 Moran-model: sequential resampling

There is a continuous-time version of the WF-model, called the Moran-model, in which
each individual chooses a random ancestor at rate 1 and adopts its type. In other
words, the resampling is done sequentially rather than in parallel. The resulting process
X = (X¢)i>0 is the birth-death process on the state space € with transition rates

i —i+Tlatrate b= (N—i), (2.12)

1 — 1 — 1 at rate di:iN]\?i.

(See Appendix A.2.1.) Note that b; = d;, i € Q, and by = dy = by = dy = 0.

The differences between the Moran-model and the WF-model are minor. In partic-
ular, in Section 2.2 we will see that after space-time scaling both models converge to
the same limit, called the WF-diffusion, with the sole difference that the Moran-model
runs at twice the speed of the WF-model.

Exercise 2.4 Derive the analogues of Lemmas 2.1-2.2 for the Moran-model.

Remark: The Moran-model can alternatively be viewed as follows: Each individual
produces a new individual at rate 1. Each new individual inherits the type of its parent
and replaces a randomly chosen individual (possibly its parent).

A straightforward extension of the Moran-model is obtained when the rate at which
the individuals choose their ancestor is not 1 but h(y), where y is the fraction of type A
and h: [0,1] — [0,00) is any Lipschitz function with h(0) = h(1) = 0. In other words,
b; and d; are multiplied by h(i/N). The function h plays the role of an overall rate of
resampling, and models an effect the population size may have on the evolution rate.
A classical example is:

h(y) =y(1 —y) Ohta-Kimura model. (2.13)

This corresponds to an overall rate that is proportional to the genetic variability of
the population. Thus, when the population is close to fixation it loses the incentive to
reproduce.

2.2 Space-time scaling limit of WF-model and Moran-model
2.2.1 Scaling of WF-model

Lemma 2.2 suggests that it is of interest to consider the following space-time rescaling
of our process:

1
JARE NX%, t>0. (2.14)

Here, [-] denotes the upper integer part, an upper index (N) is added to exhibit the
underlying N-dependence, space is shrunk by a factor N, while time is blown up by
a factor N. Note that (2.14) represents the fraction of individuals of type A in the
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population at time ¢ on time scale NV, i.e.; the time scale on which genetic variability
is lost. We expect that, in the limit as N — oo, if the initial condition scales properly,
ie.,

w— lim YV =Y, (2.15)

N—o0

then the whole process scales properly, i.e.,

w— lim (¥;"");50 = (V). (2.16)
N—oo
Here, w — limy_,, denotes weak limit, i.e., convergence in distribution on path space.
In other words, we expect the rescaled process to converge to a limiting process, living
on state space [0, 1] and evolving in continuous time. This limiting process, which must
also be a Markov process, turns out to be a diffusion (see Appendix A.2.5).

Theorem 2.1 The scaling in (2.16) subject to (2.15) is true, with ¥ = (Y;)i>0 the
diffusion process on [0,1] given by the stochastic differential equation (SDE)

dY, = \/Yi(1 - Y;) dW,, (2.17)

where (Wy)i>o is standard Brownian motion. This SDE has a unique strong solution,
i.e., there is a unique path t — Y; that is measurable w.r.t. the canonical filtration
associated with the Brownian motion.

Proof The process YY) = (Yt(N))tzo can be approximated by a continuous-time ana-
logue: instead of waiting a deterministic time 1/N before making a transition, wait
an exponential time of rate N. This gives us a Markov process with state space
{0,%,...,1— <,1} and infinitesimal generator Ly given by

)] (2.18)

2=

(Lnf) (%) =N Zm(z‘,j) [F(4)— £ (

The limiting process Y = (Y;);> is the diffusion with state space [0, 1] and infinitesimal
generator L given by

(L)) =590 =) f"(y) (2.19)

Exercise 2.2 Check that (2.18) and (2.19) are the correct infinitesimal generators (see
Appendices A.2.1 and A.2.5).

In (2.18)—(2.19), f is an appropriate test function. It is enough to prove convergence of
generators (see Ethier and Kurtz [11], Chapter 10, Theorem 1.1), i.e.,

(Lnf) (%) = (LA)(y)  when  lim ¥ =y (2.20)

lim li
N—o0 N—o0

We have to specify which set of test functions f we consider. Let C(]0,1]) be the set
of R-valued continuous functions on the unit interval, and define

Co([0,1]) = {f € C([0,1]): f(0) = f(1) = O}. (2.21)
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Since the “local speed” of the WF-diffusion is given by the diffusion function g: [0,1] —
[0, 00) with ¢g(y) = y(1—y), it is possible to show that the domain D(L) of the generator
L of the WF-diffusion must be a subset of Cy([0, 1]). For general Markov processes it
is not easy to characterise D(L), but it suffices to consider the action of L on a subset
K(L) € D(L) that is large enough to maintain the generality of the argument. We refer
to K(L) as a core of the generator and require that K (L) is dense in Cy([0,1]) with
respect to the supremum norm. Then the required generality is obtained via continuous
extension.

In our case it suffices to consider the functions in Cy([0,1]) that are infinitely differ-
entiable:

K(L)=A{f € Cy(]0,1]): f is infinitely differentiable}. (2.22)

This choice enables us to use the Taylor expansion of any test function up to any order.
Using the Taylor expansion of f around 3% up to second order, we obtain

N

(Lnf) (%) =) _on(i. )G =) f (%) + ZPN i, )L (&) + Ry, (2.23)

J=0

where Ry consists of third- and higher-order terms. Now put Yy = y and XéN) =1i=1p,
so that (2.15) becomes

lim % =y € [0,1]. (2.24)

IN
N—oo N

Let F,G: [0,1] — R be given by

F(y) = ;gnoopr,j)(j — 1),
7= (2.25)

Since Ry vanishes as N — oo, the limiting generator equals

Jim (Zwf) (%)

= lim (Zlej j—zf(%)+1

N—oo

= F(y)f'(y) + 3G ) " (y),

where the last equality uses (2.24) and the fact that all derivatives of f are continuous.
We will prove that F'(y) = 0 and G(y) = y(1 —y), so that the limiting generator indeed
is (2.19).

From the martingale property noted in the proof of Lemma 2.1, it follows that
E(X") = E(Xx™) =iy =i. We have

Vy=i) oonG0),  EGXGY) =3 jen(id) (2.27)

16

[\
=
2
?
<
<
2| L
%
bl
—
Z|~
SN—
N———
o
[\
=



Hence

F(y) = hm ZpN i,j)(j—1)= hm 0=0. (2.28)
Moreover, ]E(Xl(N)) = iy = ¢ and so we have
VAR(X ZpN i,5)(j —1i)? (2.29)

Since Xl(N) has distribution BIN(N, ), it follows that
VAR(X{V) =N £ (1-£). (2.30)
Combining (2.29-2.30), we get

= lim & (1- %) =y(1—y), (2.31)

N—oo

and so the desired result follows. [ |

2.2.2 Scaling of Moran-model

A similar computation works for the Moran-model defined in Section 2.1.2. The rescaled
Moran-model is the birth-death process with state space {0, Nl — %, 1} and in-
finitesimal generator Ly given by

(Lyf) (%) =N (N =) [f (F) + £ (5) - 27 (%)]- (2:32)

Exercise 2.3 Check that (2.32) is the correct infinitesimal generator. Hint: The first
factor N is a consequence of the rescaled time, the second factor ﬁ(N — i) equals the
birth rate b; and the death rate d;.

Using the Taylor expansion of f around &2 1 and ”’1 up to second order, we obtain
(Lnf) (F) = (N2 & (1= £) [ 1" (&) + Bw] (2.33)

where ]:ZN is an error term that vanishes as N — oo. Hence we have
dim (Lyf) (%) =y(1=y)f'(y) when  lim ¥ =y, (2.34)

Thus, also the Moran-model converges to the WF-diffusion after space-time scaling,
with the sole difference that the Moran-model runs at twice the speed of the WF-
model. This is because in the WF-model two jumps give one chance of a coalescence,
while in the Moran-model one jump does. (The intuitive reason why the WF-model
and the Moran-model have the same scaling limit is that BIN(N,1/N) converges to
POISSON(1) as N — 00.)
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The fact that the WF-model and the Moran-model have the
same space-time scaling limit is an example of what is called
universality. Biological systems that differ on a microscopic
scale may have the same behaviour on a macroscopic scale.

2.2.3 WPF-diffusion

The limiting process defined by (2.17) is called the Wright-Fisher diffusion. Think of
this as a standard Brownian motion running at a “local speed” given by a diffusion
function g: [0,1] — [0, 00), in our case g(y) = y(1 — y) (see Fig. 6). Note that 0 and 1
are traps: the WF-diffusion stops when it reaches the boundary of [0,1] (a fact that is
not entirely trivial to prove).

9(y)

Figure 6: Wright-Fisher diffusion function.

Returning to the h-version of the Moran-model mentioned at the end of Section 2.1.2,
we find that the space-time scaling in (2.14) leads to the following.

Theorem 2.4 The h-version of the WEF-diffusion satisfies the stochastic differential
equation

dY, = \/Yi(1 = Y)h(Y;) dW,. (2.35)
Exercise 2.5 Give the proof of Theorem 2.4.

It is expedient to define
9(y) = y(L —y)h(y) (2.36)

and to write (2.35) as
dY; = /g(Y;) dW. (2.37)

Here, g: [0, 1] — [0, 00) is the local diffusion function. In order for (2.37) to be properly
defined and have a unique strong solution, some restrictions have to be placed on g.
We will return to this in Chapter 7.
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2.3 Dual to WF-diffusion

The WF-diffusion describes the WF-model on large space-time scales. Even though
there is no easy explicit formula for Y; in terms of (Wj)o<s<t, (2.17) has the advantage
of being easier to manipulate in computations than the original Markov chain. To
illustrate this advantage, we next turn to the notion of duality.

Theorem 2.1 Let D = (Dy);>q be the death process on N = {1,2,...} where transitions

fromn ton — 1 occur at rate (g) Then

E([Y)]" | Yo = y) = E(y"* | Dy = n) Vyel0,1],neN,t>0. (2.38)

Proof. Abbreviate
ar(y,n) = E([Y3]" | Yo = y),

K (2.39)
biy,n) = E(y™ | Do = n).
Let f(z) = 2™. Then it follows from (2.19) that (see (A.6) in Appendix A.2.1)
ar(y,n) — aoy,n) = E(f(Ye) = f(Y0) | Yo = y)
—&([@nmasvi-y)
_E ( [ vy v - y) 0.0,

~e ([ V- bt - D as o= )

_ (Z) /Ot[as(y,n S 1) = au(y,n)] ds.

Equation (2.40) is an integral recursion relation for a;(y,n), which in differential form
reads

However, it follows from the definition of D that b,(y, n) satisfies the same recursion:

%bt(y,n) = (Z) [b:(y,n — 1) = bi(y, n)]. (2.42)

Exercise 2.2 Prove (2.42). Hint: Use the backward Chapman-Kolmogorov equation
for continuous-time Markov chains.

Since

ao(y,n) =y" =bo(y,n)  Vyel[0,1],neN, (2.43)

it follows that
ai(y,n) = b(y,n) Vye[0,1],neN, ¢t >0, (2.44)
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which proves the claim. [ |

Remark: We may interpret the duality above as a description of the same event from
two different perspectives: one looks forward in time, the other looks backward in time.
More concretely,

E(Yi]" [ Yo =)

= P(n individuals from an infinite population are of type A at time t)
. e (2.45)
= P(the ancestors at time 0 of the n individuals are of type A)

= E(y"t | Dy = n).
What Theorem 2.1 says is that the moments of Y; can be computed from the distri-
bution of D;, and therefore so can the distribution of Y; itself. Since the dual process

D is much simpler than the WF-diffusion Y, this constitutes a considerable advantage.
The following computation illustrates this advantage. We have

P(Yoo =1]Yo=y) =E(Yx | Yo =y) =E(y"~ | Dy =1) =y, (2.46)

where we use (2.38) and the fact that Y, € {0,1} and D, = 1. This reflects the result
in Lemma 2.1. Similarly,

E(Y;(1-Y;) | Yo =y) =E(y" | Do =1) = E(y"" | Do = 2)
=y — [yP(D; =1| Dy =2)+y*P(Dy = 2| Dy = 2)]
=y(1—y)P(D, =2 | Dy = 2)
=y(l—y)e ™,

where we use (2.38) together with the fact that D; € {1,2} when Dy = 2 and D; =1
when Dy = 1. This reflects the result in Lemma 2.2.

(2.47)

The dual process D can be traced back to the backward coalescing random walk
encountered in the proof of Lemma 2.2. Indeed, Y describes the evolution of the type
composition of a large population. Suppose that Yy = y and we sample n individuals
from this population at time ¢. The left-hand side of (2.38) is the probability to see only
type A in the sample. But we can recompute this probability in a different manner. If we
know that the n individuals in the sample are the descendants of D, different ancestors
at time 0, then by averaging over the random genealogy we obtain the right-hand side
of (2.38) for the probability that all of the D; ancestors are of type A.

More formally, consider the backward ancestral tree of a large population on the
space-time scale given by (2.14). Then

D, = number of ancestral lineages at time ¢y — t, t €0, to], (2.48)

where ¢, > 1 is any given observation time. In particular, Dy = N and D, = 1 for
t> 1.

Theorem 2.3 The amount of time 7, during which there are k lineages is equal to the
amount of time during which the death process D equals k, and has distribution EXP(Ay)
with A, = (5), k € N\{1}.
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Figure 7: Part of a backward ancestral tree of a population in the WF-diffusion. (Each
continuous unit of time corresponds to N discrete units of time.) In the death process time is
running upwards, while biological time is running downwards. The expectations of the times
T4, T3 and 79 equal, respectively, %, % and 1.

Proof. We first consider a sample of k£ individuals drawn from a WF-population of finite
size N > 1. Afterwards we make the proper space-time rescaling and let the population
size N tend to infinity.
The probability that two or more individuals from the sample have the same parent
is ]
Ak + 0 (N7?). (2.49)
Indeed, there are Ay different pairs of individuals in the sample, and in each pair the two
individuals have the same parent with probability % The first term takes into account
the event where precisely two individuals have the same parent, the second term takes

into account events where there are two pairs of individuals who have the same parents,
or there are three or more individuals who all choose the same parent.

More precisely, the event that for k individuals in a population of size N two or more
individuals have the same parent is the complement of the event that every individual
has a different parent. This yields

P( at least one parent in common)

= 1 — P(no parent in common)

(2.50)

When we follow the ancestral lineages of the k individuals backwards in time (see Fig. 7),
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the probability that the £ lineages do not coalesce during the first n generations equals

(1 — Ak % + O(N2)>n = exp [—)\k % +O0(nN~?)]|. (2.51)

Now rescale time by putting ¢ = n/N. Then in the limit as N — oo we have, for all
t>0,
P(rp > t) = e M, (2.52)

Thus, when the population size tends to infinity, 7, has distribution EXP(\), i.e., the
exponential distribution with mean 1/\. n

3 Wright-Fisher: genealogy

In this chapter we take a closer look at the WF-model and the WF-diffusion backwards
in time. In Section 3.1 we make the duality encountered in Section 2.3 more transpar-
ent by introducing the Kingman coalescent, which is the time-reversed way of looking
at the WF-diffusion and provides information on the genealogy of the WF-model. In
Section 3.2 we look at the most recent common ancestor of the population and investi-
gate how far back in time this ancestor lived. The presentation of the material in this
chapter is taken from the bachelor thesis of Maurits Carsouw [4].

3.1 Kingman coalescent

Theorem 2.3 identifies the law of the random times of coalescence, but fails to capture
the genealogy, i.e., the tree structure of the population. A full description of all the
lineages of the n individuals in the sample is achieved with the help of a coalescent
process called the Kingman coalescent (see Kingman [17, 18]). This is a random process
taking values in the collection of partitions of {1,...,n} such that, if the partition has j
sets, then at rate % j(7—1) two randomly chosen sets in the partition are joined together.

The Kingman coalescent, often simply called the coalescent, is a stochastic process
that describes the family tree of a large WF-population (N > 1) backwards in time, up
to the individual called most recent common ancestor (see Section 3.2). The coalescent
is related to the WF-diffusion Y (see Section 2.2), and through duality to the death
process D (see Section 2.3). It is a powerful tool in the study of the genealogy of the
population up to the most recent common ancestor. Coalescent theory stands on itself
as an important area in population genetics.

In this section, the coalescent is constructed from the continuous-time Markov pro-
cess called n-coalescent (Section 3.1.1). The transition probabilities and the absolute
probabilities of this process will be calculated using the death process D. Existence and
uniqueness of the coalescent will be established by the Stone-Weierstrass theorem (Sec-
tion 3.1.2). Finally, one of the coalescent’s most striking features is shown: it “comes
down from infinity” (Section 3.1.3).
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3.1.1 The finite coalescent

For n € N, let E,, denote the set of partitions of the set {1,...,n}. The number of
subsets in R € E, is denoted by |R|.

The n-coalescent is the continuous-time Markov process R" = (R}');>o with state
space F,, initial state

R =A=({1},....{n}), (3.1)

and transition rates

Prs = 1}3?01 h'P(R} =S | R} = R) (3.2)
given by
1, if S<R,
Prs = { 0, otherwise, RS € Bn, R # 5, (3.3)
where
SaRe{SeE,: |S|=|R—-1,Yxe RIye S: x Cy}, (3.4)

i.e., S < R means that the partition S is obtained from the partition R by merging
together two of its subsets.

If we draw a sample of n individuals (from a large population) at time to, then the
n-coalescent gives us a description of all the lineages of the n individuals backwards in
time, i.e., the full tree structure (= genealogy). To understand this, let R} denote the
partition such that ¢ and j are in the same subset if and only if the individuals ¢ and j
have a common ancestor that is alive at time ¢y — t. With this definition, the process
R™ = (R})>0 indeed has the stochastic structure of an n-coalescent. Note that there is
a one-to-one correspondence between the subsets in R}’ and the common ancestors at
to — t in the sample.

Fig. 8 shows an example of the backward ancestral tree of a sample of size n = 4,
taken (from a large population) at time ¢3. One possible sequence of jumps of the

4-coalescent is:
= ({1}, {2}, {3}, {4}) = A,
= ({1}7 {2}7 {37 4})a
Ry = ({1},{2,3,4}),
=({1,2,3,4}) = ©.
(Alternatively, as a first jump there could be a merging of {2} and {4}, in which case
R} would be ({1},{2,4},{3}).)
Write D" = (D}')¢>o for the natural restriction of the death process D = (D;)>0 (defined
in Section 2.3) to the set {1,...,n}, so that D" is the death process on {1,...,n} with

initial value Dj = n and transitions from k to k — 1 that occur at rate A\, = (g) If we

define

R4
R4
! (3.5)

4
Rt+s+v

D = [Ry|, (3.6)

then we can show that (D}');>o is a death process that evolves according to (2.48). It
is clear that D} equals the number of subsets in the partition R}. Indeed, each merger
of R} corresponds to a reduction by one in the number of different lineages in the
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Figure 8: Example of the backwards ancestral tree.

genealogy of the sample. Since Theorem 2.3 gives us the transition rates of D (equal
to A\, = (g), k € N\ {1}, for (D}");>0 to be a death process we need to see why these
are the same as the rates at which one merger occurs in R}'. To that end it suffices to
recall (3.3):

| R|
Pr = Prs =#{S | SaR} = = AlR|- (3.7)
b () =

Thus, the n-coalescent jumps with transition rates Ay through a sequence of partitions
Ri with |Rx| =k, k =n,n—1,...,1, such that

O=R;aRy<---<aR, = A. (3.8)
The jump chain of the n-coalescent is defined as the Markov chain
(R, Rp—1, .-, R, Ry), (3.9)
which is directly related to its n-coalescent as
R{" = Rpp. (3.10)

From (3.3) and (3.7), we can now calculate the transition probabilities of the jump
chain. For R € E,, with |R| =k € {2,...,n}, we have

1/\,, if SR,

0, otherwise. (3.11)

P
P(%k_lzsmk:mzpi}j:{

k
2
Finding the absolute (unconditioned) probabilities of the jump chain requires doing

a little more work, which is the content of the next theorem.

Indeed, exactly one of the A\, = ( ) coalescence events turns R into S.

Theorem 3.1 For any R € E,, with |R| =k,

R (n— k(K — 1)
ol (n—1)!

where ny,...,ng are the sizes of the k subsets in R, with ny + --- 4+ np = n.
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Proof. The proof is based on Durrett [10, Section 1.2.2, Theorem 1.5]. We use induction
on k, working backwards from £ = n. For & = n we have R, = R, = A, so that all
subsets are of size 1,
ny=...=ng =1 (3.13)

Thus, we have

kl'(n —k)\(k—1)!

nl (n—1)!
Since R € E, with |R| = n implies that R = A, this is indeed equal to the statement
that

nil X oo xmg!l = 1. (3.14)

PR, = R) = 1. (3.15)

Now, let k € {2,...,n} be arbitrary, and assume that the theorem holds for k£ (induction
hypothesis). We will prove that (3.12) also holds for k — 1.

Let S € E,, with |S| =k — 1 and S< R. Then from (3.11) it follows that
2
]P) _ = = — IP) — . 1
R: S<aR

Suppose that the subsets in S have sizes ny, ..., ng_1. Then thereexist [ € {1,...,k—1}
and m € {1,...,n; — 1} such that the subsets in R have sizes

My ee ey 1, M — T Mgy e ey T (3.17)

From the induction hypothesis it follows that the right-hand side of (3.16) equals

k—1n;—1

k' (n —Ek)l(k—1)!
I ) S L

llml

(3.18)

ny 1

nyl x oo x g tm! (ng — m)I ! X X mg_y! -,

m) 2
Here, (%)% equals the number of ways to pick R with S < R so that the subsets in R
with sizes m and n; — m coalesce to form the [-th subset in S with size n;. (The factor
L appears because we are counting twice when we summing over m running from 1 to

2
n; — 1.) From the simple fact that

ny
ny! X o xm_gtm! (g — m)!ngq! X - X ng_! (m) =m!x--xn!,  (3.19)

we conclude that the right-hand side of (3.18) equals

k! (n —k)!I(k—1)! 1
] (= 1)l nllx---xnkllmlz;;l
_ K =Rik =1 (0= (k=1)) 3.20
A R ) R vy R 20
:<k_1>!(n_(k_l))!((k_1>_1)!n'><---><n |
n! (n—1)! v S
and thus (3.12) indeed holds for k£ — 1. |
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3.1.2 The infinite coalescent

We will now construct the coalescent from the n-coalescent (see also Kingman [17],
Section 7). For 2 < m < n, define the restriction p,,,: E, — E,, by dropping all the
labels m + 1,...,n from the subsets in the partitions making up E,,. If R" = (R})i>0
is the n-coalescent, then (p,m R} )i>0 is the m-coalescent.

Let E denote the set of partitions of the set N, and define the restriction p,,: £ — E,
by dropping all the labels > n. We search for a process R = (R;)>o on E such that
(pnRt)i>0 is the n-coalescent for all n > 2. Such a process is called a coalescent. The
following theorem justifies talking about the coalescent.

Theorem 3.2 There exists a unique coalescent R = (R;)>o.

Proof. Note that E is a subset of the powerset 2V, and is a closed subset with respect to
the (compact) product topology on 2V. When E is equipped with the subspace topology,
it becomes a compact Hausdorff space (a condition needed for the Stone-Weierstrass
theorem below).

A coalescent exists when we can consistently specify its finite-dimensional distribu-
tions. The consistency between different values of n is a consequence of the fact that
Prm(pnS) = pmS forall S € E and 2 < m < n. For fixed n, we consider the expectation

E(f(Ru,, Ry, ---, Ry,)) (3.21)

for bounded continuous functions f: E¥ — R and ordered times 0 < t; < ty < ... < ty.
The requirement that (p,R:)i>o is the n-coalescent determines the value of (3.21) when
there exists a function ¢g: (FE,)® — R such that f is of the form

f(S1, .., 8k) = g(pnSt, -, puSk). (3.22)

The Stone-Weierstrass theorem implies that the set of functions f of this form is dense
in the set of bounded continuous functions f: E* — R. Continuous extension then
determines the value of (3.21) for all f, so that the consistent specification of the finite-
dimensional distributions is established. Since this is done uniquely, it follows that any
two coalescents have the same finite-dimensional distributions. [

Exercise 3.3 Check the details of the proof.

With this definition, the coalescent R = (R;);>o is the Markov process on E with
initial condition Ry = ({i}: ¢ € N) such that each pair of subsets in R; coalesces at
rate 1 for all ¢ > 0. This means that every two lineages in the coalescent coalesce at
rate 1 as we go backwards in time.

Where the n-coalescent gives a description of the ancestral lineages of a sample of
size n taken from a large population, the coalescent gives a description of the ancestral
lineages of an infinite population, up to the single individual from which the population
has descended. In the WF-diffusion the population is assumed to be infinite. Therefore
we have to ask ourselves the question: How is it possible that the infinite number of
lineages in the coalescent tree decreases to a finite number at positive times? The
answer is provided in the next section: an entrance law can be used to describe how a
Markov process “comes down from infinity”.
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3.1.3 Coming down from infinity

Now that we have familiarized ourselves with the construction of both the n-coalescent
and the coalescent, we are ready to understand and prove an interesting phenomenon
(see Berestycki [2], Section 2.1.2).

As before, we let Dy = |R;| denote the number of subsets in R;. Then we have
Dy = 00, which corresponds to the statement that there are infinitely many lineages at
the beginning of our coalescent tree. The following theorem says that after any positive
time we are left with only finitely many lineages. This is expressed by saying that the
coalescent comes down from infinity.

Theorem 3.4 P(Vt>0: D; < o0) = 1.

Proof. We must show that
Vi>0Ve>03N,. € N: P(D; > N;) <e. (3.23)

Indeed, (3.23) implies that P(D; < co) = 1 for all ¢ > 0, which settles the claim because
t — D, is non-increasing.

Let t > 0 and € > 0 be arbitrary. Furthermore, let R} = p,(R;) be the natural
restriction of the coalescent to E,, and let D} = |R}'| denote the number of subsets
in R}. Let 7, be the random variable with distribution EXP(\;), & € N\{1}. Then
Theorem 2.3 says that we can use 73 to represent the amount of time during which
D, = k. Therefore, using the Markov inequality, we have

n

- 1
P(D} >Ny ) =P | Y 7>t < E > 7
k=Nee k=Nee (3.24)
1 & 1 — 1
< = E(r) = - —
k:Nt’g k:Nt,e

where we note that the last sum is independent of n. Since ), 1/Ax < 0o, we can
choose N, large enough to make sure that

1| = 1
- — | < 3.25
k:Nt,e
from which it follows that
P(D; > Ni.) = lim sup P(D]" > Ny.) <, (3.26)
n—oo mzn
which is (3.23). ]

The Kingman coalescent describes the genealogy of the WF-population in
the space-time scaling limit. It is a universal process, in the sense that other
populations like the Moran-population have the same limit.
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3.2 Most recent common ancestor

An object of interest in population genetics, in particular, in coalescent theory, is the
most recent common ancestor (MRCA). Consider a population where all individuals
have a common allele (or locus, or gene). We can trace this allele in the ancestry of the
population. As we move backwards in time, the collection of ancestors shrinks, until
we are left with the single individual from which the whole population has descended.
This individual is found at the root of the coalescent tree, and is called the MRCA. It
is the most recent individual that is a common ancestor of the whole population.

In this section we investigate the MRCA of a population in the WF-diffusion. The
coalescent enables us to calculate the expectation of the time between the population
and its MRCA (Section 3.2.1). As time runs forward, the MRCA jumps forward in
order to keep up with the population. This jump process is called the MRCA-process,
which we will analyze in Appendix B by means of a “particle construction” introduced
by Donnelly and Kurtz [9]. In particular, we will determine the distribution of the
waiting time between the successive jumps in the MRCA-process (Section 3.2.2).

3.2.1 Depth of the coalescent tree

Consider a population in the WF-diffusion where every individual is of type A or of
type a. If the population has a MRCA, then this MRCA is either of type A or of type
a, from which it follows that the whole population is either of type A or of type a.
The reverse does not necessarily hold: if a population descends for example from two
individuals instead of one, and these two individuals are both of the same type, then
the whole population is of one type, but does not have a MRCA.

Suppose that the WF-diffusion has been running indefinitely, and observe a popu-
lation in the WF-diffusion at some reference time ¢ty € R. Then this population has a
MRCA a.s. (i.e., the MRCA did not live an infinite amount of time ago). In fact, given
the time at which the population lives, we can predict the time of its MRCA.

Theorem 3.1 Let T be the time between the population in the WF-diffusion and its
MRCA. Then E(T) = 2.

Proof. Let 7, be the amount of time during which there are k lineages in the coalescent
tree of the population, k& € N\{1}. Then Theorem 2.3 states that E(7;) = 1/, = 1/(5)
Since the time between the population and its MRCA equals the depth of the coalescent
tree, the desired expectation equals

E(T) =E (Z Tk) = E(m) =) ﬁ =2 (3.27)

Remark: Theorem 3.1 is stated in terms of a continuous rescaled time. For example,
if we use the WF-diffusion to approximate the behaviour of a population of size N =
50, 000, then according to the space-time rescaling in (2.14), we expect that the MRCA
lived 50,000 x 2 = 100,000 generations (discrete-time units) ago.
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The average time to the most recent common ancestor is twice the
population size.

3.2.2 MRCA-process and F-process

Let t € R be the observation time of a population in the WF-diffusion, and let T; be
the depth of the corresponding coalescent tree. Then A; =t — T is the time at which
the MRCA of the time-t population lives. We define the MRCA-process as the process
(A¢)ier on state space R. (Donnelly and Kurtz [9] refer to (A;):cr as the “Eve process”).

Consider the MRCA that lived at time A;, and the two individuals that directly
descended from this MRCA. The time-t population is then divided into two disjoint
parts, where each part consists of the time-t offspring of one of the two individuals. We
refer to these parts as the two oldest families in the population. Each time F; when one
of these families fixates in the population, a new MRCA is established. The process
(F})ier on state space R is called the F-process.

Suppose that the points of (A;);er are enumerated as {a;};ez. Then the points
{Bi}icz of (Fy)ier are given by f; = inf{t € R: A; = a;} (see Fig. 9), and the path of
(As)ier is constant on each interval [5;, Bi11):

Vite [ﬁz, /Bi+1): At = . (328)

In this way, at each time 3; the MRCA, which lives at time «;, is established.

Qj—o Qi1 O Q41 Q342
—@ H\ N @ Q\
® o e o e
Bi—2 Bi—1 Bi Biv1 Bit2

Figure 9: Time is running horizontally to the right. The time points «; and 5;, 1 —2 < j <
i+ 2, of the MRCA-process (A;)icr and the F-process (F})cr are drawn for fixed i € Z. The
dotted lines relate each time «; at which a MRCA lives to the time §; at which this MRCA
is established.

In Appendix B we will prove the following two theorems (see Appendix A.2.3).
Theorem 3.2 The MRCA-process (A;)ier 1S a rate-1 Poisson process on R.

Theorem 3.3 The F-process (Fy)ier is a rate-1 Poisson process on R.

In the WF-diffusion, successive MRCA’s occur at Poisson times.
The average time between two successive MRCA'’s is 1.

Exercise 3.4 In Theorem 3.1 we saw that the average time between the population and
its MRCA is 2. Is there a paradoz because 1 # 27
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4 Wright-Fisher with mutation

In this chapter we add mutation. In Section 4.1 we look at the standard model with
two types, in Sections 4.2-4.3 at the model with infinitely many types, respectively,
with infinitely many sites (= base pairs).

4.1 WPF-model with mutation and two types
4.1.1 Mutation

Suppose that we modify the WF-model in the following manner. At each time unit
each individual, immediately after it has chosen its ancestor and adopted its type (re-
sampling), suffers a type mutation: type a spontaneously mutates into type A with
probability u, and type A spontaneously mutates into type a with probability v (see
Fig. 10). Here, 0 < u,v < 1, and mutations occur independently for different individu-
als.

An alternative way to include the mutation is to say that, after the resampling,
each individual mutates into type A or a with probability u, respectively, v irrespective
of its type. Since the transitions A — A and ¢ — a do not effect the population,
this type-independent mutation gives the same model, but is easier to work with (see
below).

u

NS

v

Figure 10: Two-type mutation.

Our goal is to investigate what effect the mutation has on the behavior of the model.
With mutation X = (X,,)nen, is @ Markov chain on the state space Q2 with transition
kernel

p(i,j) = (JJV) (ps)? (1 — p)N 4, i,7 €, (4.1)

pi = (%) (1—v)+ <NA; Z) u. (4.2)

Indeed, either an A is drawn (probability +) and it does not mutate into an a (probabil-
ity 1 —v), or an a is drawn (probability =

N=1) and it does mutate into an A (probability
u). Compare (4.1-4.2) with (2.3).

N
A first consequence of the presence of mutation is that the traps at 0 and N disap-
pear: p(i,7) > 0 for all 4,j € Q.

with

30



Due to mutation there no longer is loss of genetic variability! ‘

In fact, because N is finite, we have w — lim,,_,,, X,, = X with
(1) =P(X =1), 1€ €, (4.3)

an equilibrium distribution solving the set of equations

> w(ipli,j) = =),  JEQ, (4.4)

1€Q

normalized such that )., 7(i) = 1. The equilibrium has full support, i.e., 7(i) > 0 for
all 7 € Q. In principle it is possible to compute 7, but the formulas are not so pretty.
We get some insight by computing the first two moments of X.

Lemma 4.1 The first and second moment of X are given by

1(3)-+

) (4.5)
E (—ﬁg = 3) =xp+(1=x)p",
where
p= uiv, X = (1—/1)2&\7[1#)— T Al-(-wl-v. (46

Proof. Suppose that the system is in equilibrium. Let n; = 1 if the i-th individual is A
and 7; = 0 otherwise. Then

N
X=>n (4.7)
i=1
and, by exchangeability,

E(X) = NP(n = 1),

E(X(X —1)) = N(N = D)P(ny =10 = 1). (4.8)

To compute the first probability in (4.8), abbreviate p = P(n; = 1). In equilibrium we
have

p=(1=v)p+u(l-p). (4.9)
This gives p = % and proves the first line of (4.5). To compute the second probability
in (4.8), note that in equilibrium

P =n2=1) = xp+ (1 —x)p°, (4.10)

where

x = the probability that two individuals are identical by descent, (4.11)
i.e., their lineages coalesce before a mutation affects either lineage. '
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To compute x we argue as follows. Let u = 1 — (1 — u)(1 — v) be the probability of
mutation per unit of time backwards on a lineage. Then the probability 1 — x that two
individuals are not identical by descent satisfies the equation

Loy =l1= =Pl = (1= ) - (112)

Indeed, if at the first time step backwards there is no mutation in either of the two
lineages (probability (1 — 4)?) nor coalescence of the two lineages (probability =), then
“the game starts all over again”. Solving (4.12) for x and inserting into (4.8), we find
the second line of (4.5). |

An interesting consequence of Lemma 4.1 is that

X : .
]\}1_1)1100 N/ i probability. (4.13)

In large populations with mutation the fraction of types is close
to a deterministic value.

In Section 4.1.2 we will see that the limit is random when w, v tend to zero as N — oo
in an appropriate manner.

Remark: In the presence of mutation, the coalescent (= the backward tree of lineages)
modifies in the following manner. At each unit of backward time, a backward path: (i)
is killed and labelled A with probability w; (ii) is killed and labelled a with probability
v; (iil) jumps to a randomly chosen parent with probability (1 —u)(1 —v); and (i)—(iii)
occur independently). Killing a path determines the state of all its descendants (see
Fig. 11). Note that if all the backward paths are killed, then the state of the system no
longer depends on the initial configuration. This is why the system reaches equilibrium
in the presence of mutation.

4.1.2 Weak mutation

Interesting behaviour shows up in the limit as N — oo, provided we take the mutation
probabilities small:

r

—u(N) = —— =o(N) = — > 0. 4.14
The reason behind this choice is apparent from Lemma 4.1: for w,v | 0 we have
u~ (u+v)and x = 1/(1 + 2N (u + v)), which shows that 2N (u + v) is the relevant
quantity for the scaling behavior. Think of %q, %r as the mutation rates of the whole
population.

Remark: The reason why we divide by 2N rather than N in (4.14) is a matter of
convention. In the Moran-model, which for large N runs at twice the speed of the WF-
model (recall Section 2.2.2), we must divide by N to get the correct correspondence.
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A

A

Figure 11: The coalescent with mutation in equilibrium. Time for the coalescent runs to the
right (which means that biological time runs to the left). The black dots denote killing due
to mutation, at which moment type A or type a is chosen with probability u, respectively, v
and the rest of the coalescent is removed. After the A’s and the a’s have been assigned at the
black dots, the states of the descendants are determined.

Define, in analogy with (2.14),

1
YW = — x ), 4.15
N (4.15)
Then we expect that
w— lim Y =Y. (4.16)
N—oo

Theorem 4.2 The convergence in (4.16) is true, with Y the random variable on [0, 1]
with distribution BETA(q,r), i.e., with probability density

flz)=Cppa® (1 —2)" z € [0,1], (4.17)

where Cy, = I'(q+71)/T'(¢)T'(r) is the normalizing constant (T" is the Gamma-function,).

Proof. The proof is by brute force: we show that the moments of Y™) converge to
the moments of the beta function Y as in (4.17), which implies that the family Y™
converges to Y. We note that

15 (q + )
[ o(a+r+4)

EY®) =my,  my = k€N, (4.18)

which are the moments of BETA(q,r). The values of my, satisfy the following recursive
relation: k1
q J—
— 4T rT ., kEN, —1. 419
my q+r—|—k—1mk1 mo ( )

Using this relation and inductive reasoning, we will prove convergence of the moments.

33



Given that X,(ﬁ)l = i, the distribution of X\ is BIN(V, p;). Since the k-th factorial
m oment of a binomial distribution BIN(N, p) equals p* H;:é(N —7), we

E (H(XW ) | X = ) - ()" (H(zv —j)) . (1.20)

=0 =0
Dividing by (N)k, expanding each side of (4.20) to leading order in —, and putting
Y = X , we obtain

N Ny 1 k(k —1) N EL ) 1
E([Yn( )i |Yn1_N>_TE [Yn( )i | Y, o = N +0 N?

oo )]

where we use that tlj = 1k(k —1). Next, we expand
7=0 2

= (L -u=o)+ u> .

) () [ (5 5o )

where we use (4.2) and ( ) Combining (4.21-4.22), we get
k—1
(7 ) B )+o(s)
k(k—1) 1
[y 1 49
-5 +0(N2)] (123)

k k—1 +7r
Y(N)} k [Y(N)} g [Y(N)} q O
X {[ n—1 + n—1 2N n—1 IN + N2
Taking the expectation over Y,fj_vl), letting n — oo, using that w — lim,, vV = Yy,

and carefully isolating the distinct moments and the error terms O (#), we obtain the
relation

) (4.21)

k(k+q+r—1) k(k+q—1) _ 1
L T R([y™k-t — . 4.24
Finally, multiplying by 2N/k, letting N — oo and using the induction hypothesis, we

conclude that the moments of Y (") satisfy (4.19) and therefore limy YN =Y. n

E([y™]F) =

The qualitative behaviour of the probability density in (4.17) near the boundaries 0
and 1 is different for ¢, < 1 and ¢,r > 1 (see Fig. 12).

The shape of the limiting distribution for the fractions of the types
in a large population provides information on the mutation rates.

In the limit as ¢,r | 0, f concentrates on the boundaries, in accordance with the
eventual loss of genetic variability in the WF-model without mutation (or rather in
the WF-diffusion, because we took the limit N — oo). In the limit as ¢, — oo, f
concentrates around the value L, in accordance with what we found in (4.13).
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0 1 0 1

Figure 12: Qualitative picture of the probability density in (4.17) for ¢, < 1 and ¢, > 1,
respectively.

4.2 WPF-model with mutation and infinitely many types

In this section we consider the modification of the WF-model in which, instead of two
types, there are infinitely many types and each time a mutation occurs it brings in a
new type. The motivation for this model is the following. If a gene consists of, say, 500
nucleotides, then there are 3 x 500 = 1500 sequences that can be reached by a single
base pair change. Therefore the probability of returning to the same sequence after
two mutations is 1/1500, which is small. Neglecting this return amounts to considering
what is called the infinite alleles model.

In Section 4.2.1 we define the model, show that it is dual to a birth process called
the Hoppe urn model, and use the latter to study the distribution of the number of
different types in an n-sample of individuals drawn randomly from the population. In
Section 4.2.2 we use the Hoppe urn model to derive the Ewen sampling formula, which
describes the sizes of the families of different types in the n-sample. In Section 4.2.3 we
look at the sizes of these families in the limit as n — oo.

4.2.1 Infinite alleles model

Types are labelled 0,1, 2, .... We consider a population with N individuals, all starting
with type 0. At each unit of time, each individual with probability 1 — yu chooses a
random ancestor and adopts its type and with probability u spontaneously mutates into
a new type. All individuals update independently from each other and independently
of how they updated at previous times. The first mutation in the population brings in
an individual of type 1, the second an individual of type 2, etc. As time proceeds, new
types enter the population and old types die out. However, we may expect that after
a long time the distribution of the number of different types in the population settles
down to a limiting distribution. The question we want to address is: “What is this
distribution?”.

Remark: The infinite alleles model was proposed by Kimura in 1968. At that time it
was not yet possible to sequence the genome, so the precise order of the nucleotides in
an allele, which determines its type, could not yet be determined. However, with the
help of e.g. electrophoresis of enzymes it was possible to distinguish between different
types, and so the number of different types could be measured.
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We will consider this question in the limit as N — oo, with

0
= u(N)= — 4.2

where %9 may be thought of as the mutation rate for the whole population. In this limit,
after time is scaled by a factor N as well (recall (2.14)), we have that

k
k lineages coalesce at rate A\, = (2> and mutate at rate 0k. (4.26)

(Use that BIN(N, 6/2N) converges to POISSON(36) as N — c0.)

Draw a random sample of n individuals from the population in equilibrium (n <
N — 00) and ask for

K, = the number of different types in the n sample. (4.27)

Lemma 4.1 Asn — oo,
E(K,) ~ 0logn,

VAR(K,) ~ flogn.
Moreover, the central limit holds, i.e., w—1lim,,_,[K,—E(K,)]//VAR(Ky) = N(0,1),

the standard normal distribution.

(4.28)

Proof. The proof uses duality. The dual process is called the Hoppe urn model, which
is defined as follows:

e An urn contains 1 black ball (of mass 6) and any number of colored balls (of mass
1 each). A ball is selected with a probability proportional to its mass. If a colored
ball is drawn, then an extra ball with the same color is put into the urn. If the
black ball is drawn, then an extra ball with a new color is put into the urn. The
ball that was drawn is put back into the urn also.

We start with 1 black ball at time 0. At time n the urn contains n+ 1 balls, 1 black and
n colored. The state of the urn is the number of different colors and their multiplicity.
The key observation is the following duality :

e The genealogy of n individuals in the infinite alleles model can be simulated by
running the Hoppe urn model for n time steps.

Indeed, the genealogy of the infinite alleles model is described by a coalescent with killing
similar in spirit as the one in Fig. 11 (recall (4.26)): (i) lineages change randomly and
coalesce at rate 1; (ii) on each lineage there is an independent Poisson process with rate
%9 of mutations that kill the lineage and determine the type of all the descendants. See
Durrett [10, Figure 1.7]. A draw of the black ball signals a mutation in the backwards
genealogy.
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Exercise 4.2 Check the above duality. Hint: the probability to mutate in the infinite
alleles model when there are k lineages equals k30/[k30 + sk(k —1)] = 0/[0 + k — 1],
which 1s precisely the probability in the Hoppe urn model to bring in a new color at the

k-th draw.

What is nice about the Hoppe urn model is that it is a simple process, controlled
by the parameter 6, and that it simulates all sample sizes at once: the sample size n in
the infinite alleles model is the number of draws in the Hoppe urn model.

With the above duality the proof of (4.28) is easy. Write

oS am
=1

with n; = 1 if the ¢-th ball added in the Hoppe urn model has a new color and zero
otherwise. Clearly, the successive 7; are independent (because at time i the urn always
contains 7 + 1 balls, one with mass 6 and ¢ with mass 1), and

7

Pn=1) = ——. 4.30
(h=1) = 5—— (1.30)
Consequently,
n n 9
E(K,) = ZP(m =1)= Z pE—
=1 =1 (4.31)
0+n dr
NQ/ — = 0[log(d +n) —log 0] ~ Ologn.
0 T
Similarly,
VAR(K,) =) VAR(np) = : 1— : ~ E(K,). 4.32
() = 3 vaR) =3 gy (1 gy ) ~BUR) 4
This proves (4.28). The central limit theorem follows from standard arguments. n

Exercise 4.3 What are the conditions in the central limit theorem for sums of inde-
pendent random variables (not necessarily identically distributed)? Do these conditions
apply to (4.29)? Hint: Consult a standard probability textbook.

Lemma 4.1 says that the number of different types in an n sample is rather small,
namely, of order logn. Apparently, new types rapidly eradicate old types, so that it is
hard for different types to coexist in large numbers.

The number of different types is proportional to . Hence # can be
estimated from genetic sample data, which is interesting because
typically @ is not known.

Lemma 4.1 shows that 6, = »/logn is an asymptotically sharp estimator of 6 (“a
sufficient statistic”). Unfortunately, the standard deviation of 0, decays like 1/4/logn,
which is too slow to get sharp estimates unless n is very large. Still, 6 can be used to
estimate 6 with some confidence interval.
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4.2.2 Ewens sampling formula

The next result, which is referred to as Fwens sampling formula, describes the full
family size distribution of the types in the n-sample. Let

A; = the number of types that are present precisely ¢ times in the n-sample,

4.33
1=1,...,n, ( )

and note that """ iA; = n. This is the “type frequency spectrum” of the n-sample.
E.g. (n,0,...,0) corresponds to n types each being present once, while (0,...,0,1)
corresponds to one type being present n times. In particular, K, = > | A;, which
establishes the link with Section 4.2.1.

Write A = (A;)7, let

A, = {a = (a;)";: Ziai = n} : neN, (4.34)

and abbreviate P,(a) = P(A =a), a € A,.

Theorem 4.4 For alln € N and a € A,,

- (0/i)
—n! 4.
nH@—i—z—l (4.35)

Proof. We will again make use of the duality with the Hoppe urn model. The proof is
by induction on n. If n = 1, then a = (a;) = (1), and the claim in (4.35) is true with
Pi(1)=1.

Pick n > 2. For ¢’ € A,_; and a € A, let p(a’,a) denote the transition probability
from state a’ at time n — 1 to state a at time n in the Hoppe urn model. Let P,(a)
denote the right-hand side of (4.35). We will show that

Pya)= Y Pua(d)p(d,a) VYacA, (4.36)

a’'€An_1
which will imply that P, is the distribution of the Hoppe urn model at time n, i.e.,
P, = P,, and will complete the proof by induction.

Suppose that the state at time n — 1 is ¢’ and the state at time n is a. Then there
are two possibilities:

(1) a1 =a} +1, a; = a] for i > 1, i.e., a new color is added at time n. For this case

P,(a) n 0 , 0

_ = — =\ 4.37
Poy(a) O+n—-1a’ O+n—1 (4:37)

(2) aj=a; -1, 0511 =dj,, +1,as=a;for 1< j<n—-Tandi#jj+1,ie,a
color is added at time n that is present j times at time n — 1. For this case
Pula) _  n 74

Pn_1<(l,) N 0 +n—-1 (j + 1)aj+1’

- !
Ja;

_— 4.
0+n—1 (4.38)

p(d,a) =
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No other transitions are possible. From (4.37-4.38) we get

> Fcl®) ot )

a'€EAp_1 P'fl(a)
0+n—1a1 0 +Ze+n_1(j+1)a]+1 ja’;
n 0 0+n—1 = n Jja; 0+n—1
+ 1a
—I— Z (J U T a1
7j=1
1 n—1 .
= E . (j + 1>aj+1 = 17
7=0
which shows that indeed (4.36) is true. n
Remark: A more intuitive proof can be found in Griffiths and Lessard [13].
The Ewens sampling formula not only provides insight into the
family size distribution of the types in an n-sample, it also allows
for a more sophisticated way of statistically estimating 6.
By rewriting (4.35) as
1 ~ - (0)i)*
Py(a) = — ][] ﬂ, ac A, (4.40)

NO,n o ai!
=1

with Ny, the normalizing constant, we see that P, can be interpreted as the distribution

of a random vector (Ay,...,A,) whose components A; are independent and Poisson
distributed with mean 6/i conditioned on ) | iA; = n.

Small frequencies are more likely than large frequencies. The reason is
that if a type does not appear in the n-sample so often, then it is less
likely to reduce in number by mutation.

4.2.3 Griffiths-Engen-McCloskey distribution

The next result describes the behavior of the Ewens sampling formula in the limit as
n — oo. Let us call the descendants of the k-th new color in the Hoppe urn model the
k-th family. This is the collection of all the balls in the urn that carry color k. Let

1
Sk(n) = - X the size of the k-th family at time n. (4.41)

Consider the random vector
S(n) = (Sk(n): k€ N). (4.42)

Note that the components of this vector sum up to 1 (and are 0 in the tail).
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Theorem 4.5 w — lim,, .o, S(n) = B with B = (By: k € N) the random vector given

by
k—1
By=|[[0-2)| Z, keN, (4.43)
j=1
where (Zg)ken are i.i.d. with distribution BETA(1,0), i.e., with probability density func-
tion f(z) =0(1 —2)%"1, 2 €]0,1].

Proof. We make use of the following observation, relating the Hoppe urn model to a
branching process with immigration:

e Immigrants enter the population at the times of a Poisson process with rate 6.
Each individual performs a binary branching process, i.e., splits into two at rate
1 (= gives birth to a new individual at rate 1 and does not die).

The key observation is:

e Start with 1 immigrant entering at time 0. If each immigrant is a new type and
offspring are the same type as their parents, then the successive states of the
branching process with immigration have the same distribution as the successive
states of the Hoppe urn model.

What is done here is that the Hoppe urn model (discrete in time) is embedded into the
branching process with immigration (continuous in time). (In the Hoppe urn model, n
is the number of colored balls in the urn and Si(n) is the fraction of colored balls with
color k.)

Exercise 4.6 Prove the above embedding.

Armed with these observations we argue as follows. Let X(¢) be the number of
individuals at time ¢ in the branching process without immigration. Then it is well
known that E(X(t)) =€, ¢t > 0, and

w— lim e " X(¢) = € = EXP(1). (4.44)

t—o00

Exercise 4.7 Look up the proof of (4.44) (see Durrett [10, Section 1.3.3]).

Let Xj(t) be the number of individuals in the k-th family at time ¢ in the branching
process with immigration. Then (4.44) implies that

w— lim (e X,(t): k €N) = (e7T*&,: k € N), (4.45)

t—o0

where &, k € N, are i.i.d. copies of £ and T}, k € N are the successive arrival times
of an independent Poisson process with rate 6 (= the immigration times). Here we use
that the branching process with immigration is the independent sum of the branching
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processes without immigration starting at the successive arrival times of the immigrants.

Let
= Xi() (4.46)

keN

be the total number of individuals at time ¢, and let

o=y ek, (4.47)

keN

Then (4.45) gives
w— lim e *I(t) = o. (4.48)

t—o00

It follows from (4.45-4.48) that the limit By we are after in (4.43) arises as

X
Bk—w—tli)rgo I(

() _ e &
t) o’

ke N, (4.49)

where we use the embedding of the Hoppe urn model into the branching process with
immigration. To identify the distribution of (By: k € N), we define (T = 0)

o; =S e TTig,  jeN,

(4.50)
Ej .
Z] = 5j+oj‘j+17 J € N’
and note that oy = 0. For k = 1, write
“Tig “Tig £
01 €7Tl(€1 +02) 51 + 09
For k = 2, write
B, — €_T252 . €_T2(€2 . 09 6_(T2_T1)(€2
2 o1 67T1(51—|—0'2) 81+02 02 (4 52)
D) 6_(T2_T1)(€2 o 02 & '

— = =(1—-242,)%s.
51 + 09 6_(T2_T1)(52 + 0'3) 51 + 09 82 + o3 ( 1) 2

Exercise 4.8 Give the proof of (4.43) by induction on k. Use (4.51-4.52).

It remains to show that (Z;),en has the desired distribution. Recall the notation in
Appendix A.2.1 and abbreviate GAMMA(6, 1) = GAMMA(), 6 € (0, 00).

Lemma 4.9 o has distribution GAMMA(6).

Proof. Since (&;,T; —T;_1), j € N, are i.i.d. with distribution EXP(1) x EXP(#), we have
that > jen Og;,7; 1s the Poisson point process on [0,00) x [0,00) with intensity measure
Odx @ e~¥dy. Consequently, > 0, -7, g I8 the Poisson point process on [0, 00) with
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intensity measure e *2dz. Indeed, for any test function f: (0,00) — [0,00) that is
continuous and has compact support, we have

/Ooodx/ooody 06yf(ezy)z/ooodyey/oydzgf(z>
= [tz [Cayer = [Cape et

Since e*'zgdz is the Lévy measure of the Gamma-process (see Bertoin [3]), the claim
follows. i

(4.53)

Lemma 4.10 (Z;), j € N, are i.i.d. with distribution BETA(1,6).

Proof. We will need the following property of the Gamma-distribution (£ denotes law):

L[(G1,Gs)] = GAMMA(6;) ® GAMMA(65)

G1 (4.54)
— L ||G1+ Gy, =——— || = GAMMA(0; + 65) ® BETA(6;,02).
G+ G
Exercise 4.11 Write out the proof.
Abbreviate W, = &; 4+ 0;41. We use (4.54) to show that
LWy, Zy,. .., Z,)] = GAMMA(1 + 0) @ BETA(1,0)", neN, (4.55)
which will prove the claim.
First, we check that (4.55) is true for n = 1. Indeed,
&
Wy =& 40y Z1= . 4.56
1 1T 02 1 &+ oy ( )

By Lemma 4.9, L[oy] = L[o] = GAMMA(#), because the distribution of (o;);en is shift-
invariant. Since L£[£;] = EXP(1) = GAMMA(1) and & is independent of oy (recall
(4.50)), (4.54) and (4.56) yield

L[(W7, Z1)] = GAMMA(1 + 6) ® BETA(L, 6). (4.57)

Next, we suppose that (4.55) is true for n. Then, since the distribution of (&;,7}; —
Tj_1)jen is shift-invariant, we have (recall (4.50))

LWy, Zy, ..., Zni1)] = GAMMA(1 + 0) @ BETA(L, 6)®". (4.58)

But (Wy, Zs, ..., Z,+1) is independent of (€1, T, —T7) and, since Wy = & + e (=TI,
also independent of (W7, Z;) conditional on Wy. Therefore, combining (4.57-4.58), we

conclude that (4.55) is true for n + 1 aslo. Hence, by induction on n, it follows that
(4.55) holds for all n € N. |

Exercise 4.8 and Lemma 4.10 complete the proof of Theorem 4.5. [ |

The limiting distribution in Theorem 4.5 is called the Griffiths, Engen, McCloskey
distribution (GEM).
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The GEM distribution describes the frequency spectrum of the
types in a very large sample in the age order, i.e., the types are
ordered according to their first appearance. It has a “random stick
breaking” structure.

4.3 WPF-model with mutation and infinitely many sites

In the infinite alleles model in Section 3.2 we only kept track of when sequences became
different through mutation and referred to these differences as a change of type. We
did not keep track of the number of differences between the sequences. In the present
section we will introduce a model, called the infinite sites model, that keeps track of
where in the sequence the mutations occur and we will count these mutations.

Given are two genes of length L. Think of these as a sample of size n = 2 drawn
from a population with N genes (= individuals), each having a type that is given by
its sequence of nucleotides of length L. Let Ay be the number of pairwise differences
in the two sequences. An example with L = 14 is

AATCGCTTGATACC
ACTCGCCTGATAAC

which has pairwise differences at positions 2, 7 and 13, so that Ay = 3. Let = u(N) =
0/4AN be the mutation rate as in (4.25). We are interested in the distribution of A, in
the limit as N — oo and L — oo. The latter limit is the reason why the model is called
the infinite sites model.

Lemma 4.1 A, has distribution GEO(1/(0 + 1)), i.e.,

1 o \"

Proof. In the limit as L. — oo, mutations always occur at different sites and so we may
use the duality with the Hoppe urn model. As we saw in Section 4.2.1, in the limit
as N — oo, with time multiplied by N, two lineages mutate at rate 2u(N)N = 6 and
coalesce at rate %N = 1. Therefore the probability of coalescence before mutation is
1/(0+1). If mutation occurs before coalescence, which happens with probability 6/(6 +
1), then there is an equal probability of having another mutation before coalescence,
i.e., the system starts from scratch. Hence, the probability to have & mutations followed
by coalescence is given by the right-hand side of (4.59). |

It follows from Lemma 4.1 that
E(Ay) =6, VAR(A) =60(1+0). (4.60)

As mentioned at the end of Section 3.2.1, it is of interest to estimate € from data.
Therefore we ask the same question for a sample of size n (<€ N — oo) drawn from the
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population. To that end, given n genes, let A;; be the number of pairwise differences
between the i-th and the j-th sequence. Put

-1
n
A, = (2) Z Aij, (4.61)
1<i<j<n

which is the empirical mean of the pairwise differences in the n-sample.

Lemma 4.2 Forn > 2,

E(A,) =6,  VAR(A,) = 3& +_11) 0+ 2(;2 (Z Tlr)g) 0°. (4.62)

Proof. The first claim is immediate from the fact that E(A;;) =60 forall 1 <i < j <mn,
as is obvious from (4.61) and the first half of (4.60). The second claim cannot be
deduced from the second half of (4.60) because the A;; are not independent. In fact,
we need to compute three different variances, as we show next.

Square (4.61) to get
-2
[A,) = (Z) Z Ay Z A (4.63)
1<i<j<n  1<k<I<n
There are three types of terms in this sum:
(1) (3) terms with i =k, j = L.
(2) (5)2(n—2) terms withi =k, j #lori#k, j=1.

2
(3) (3)("}?) terms with i # k, j # L.
Hence, using exchangeability, we have

VAR(An):(Z)_Q S Y coviay A

1<i<j<n 1<k<I<n (4.64)

) [ (570

U2 — C@V(Alg, Alg) — VAR(AH),
U3 - C@V(Au, Alg), (465)
U4 - C@V(Alg, A34).

Thus, it remains to compute Us, Uz, Uy. In other words, general n reduces to n = 4.

with

We already know that U, = 6 + 6%, A straightforward but somewhat lengthy calcu-

lation (see Durrett [10], Section 1.4.3) yields
Us = 10+ 12,
g (4.66)
Uy = 30+ 50°.
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After substituting this into (4.64), we get

VAR(A,) = (;L) : [in(n+1)0 + L(n® +n+3)6%] (4.67)

which proves the second claim in (4.62). |

The first half of Lemma 4.2 says that A, is an unbiased estimator of 0. However, the
second half says that A,, is not asymptotically sharp, because lim,,_,,, VAR(A,,) = Uy #
0. The fact that Uy # 0 is due to coalescence: even though mutations occur indepen-
dently in the sequences labelled 1,2, 3,4, coalescence between these sequences creates
a dependence between Ajp and Agy (the pairwise differences between 1,2, respectively,
3,4). This is precisely why the computation of Us, U, is somewhat delicate.

Despite the lack of asymptotic sharpness of A,, as n — oo, Lemma 4.2 still allows for
an estimate of # with some confidence interval. This provides an alternative estimate
of 6 compared to what was mentioned in Section 4.2.1.

The term with 6 in VAR(A,,) is referred to as the mutational variance,
because it is due to the occurrence of mutations on the genealogical tree,
while the term with 6?2 is referred to as the evolutional variance, because
it is due to fluctuations in the shape of the genealogical tree.

5 Wright-Fisher with selection

In all the models considered so far the evolution of the population was neutral: all types
were equally fit for reproduction. In this section we look at the two-type WF-model
with selection: one type reproduces faster than the other. We will pass to continuous
time right away, so we start from the Moran-model introduced in Section 2.1.2. We will
see that the slower type has an advantage over the faster type: the former is less likely
to become extinct than the latter.

In Section 5.1 we look at two main effects of selection, while in Section 5.2 we look at
weak selection, i.e., the selection parameter tends to zero as N — oo in an appropriate
manner.

5.1 Selection

Our model is the birth-death process X = (X;);>o on state space Q@ = {0,1,...,N}
with transition rates

z'—>i+1atratebi:(N—z')%,

_Z. 5.
al (1 - 5)7

i1—i—1latrated;, =1

where X, is the number of individuals of type A at time ¢ in the population of size IV,
and s € (0,1) is a selection parameter. Here, as before, individuals randomly choose an
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ancestor and adopt its type, but type a resamples at rate 1 while type A resamples at
rate 1 — s. Note that p
b—i=1—s, VieQ, (5.2)

i.e., the relative fitness of types A and a is 1 — s.

Remark: The above selection is referred to as viability selection. An alternative way of
defining the model is as follows: a’s reproduce at rate 1, A’s reproduce at rate 1 —s, and
their offspring replaces a randomly chosen individual. The latter is known as fertility
selection.

As before, the states i = 0 (all ) and i = N (all A) are traps, so that eventually type
fixation will occur. We are interested in how the parameter s influences the probability
of fixation at these two traps as well as the fixation time.

We saw in Lemma 2.1 that in the neutral case s = 0 the probability of fixation at
N given Xy = i equals 5. This now changes as follows (see Fig. 13).

Lemma 5.1 Let s € (0,1). Let 7 =inf{t > 0: X; =0 or X; = N}. Then

]P’(XT—N\XO—Z')—%, ieQ (5.3)

Proof. Abbreviate g(i) = P(X, = N | Xy = 7). By considering what happens at the
first transition away from ¢, we have

b; d;
) = : + 1 :  — 1 € () N}. A4
o) = g gli+ D+ = gli= 1), i€ Q\{0,N) (54)

This recursion is to be solved subject to the boundary conditions ¢(0) = 0 and g(N) = 1.
Rearranging the terms in (5.4), we may write

di

lg(i+1) —g(i)] = b l9(1) —g(i =1)] = (1 =) [g(i) —g(i =1)], i€ Q\{0,N}. (5.5)

Use ¢(0) = 0, put ¢ = ¢g(1) and iterate (5.5), to get

g(i+1) —g(i) = c(1 = s), i€ Q\{N}. (5.6)
Summing this relation over ¢ = 0,...,j — 1, we obtain
Jj—1 c
g(i) =) c(1—s) = . [1-(1-s)], je (5.7)
i=0

Since g(N) = 1, we have

C -1

—=1-(1-s)N . 5.8

C 9] 5.9
Combining (5.7-5.8), we get the claim. |
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0 1

Figure 13: Qualitative picture of (5.3).

Fig. 13 shows the effect of selection: the slower type A has a selective advantage
over the faster type a, resulting in a bias of the survival probability towards the slower
type. Slow reproduction causes type A to be “less prone to wiping itself out”.

The average fixation time E(7) is not so easy to compute, unlike what we saw in
Section 2.1 for the neutral WF-model (s = 0), where we found that E(7 | Hy) > NH,
with Hy the genetic variability at time 0 (compare Durrett [10, Theorems 1.32 and 6.1]).
The following lemma identifies the average of 7 conditional on Xy =1 and X, = N.

Lemma 5.2 Let s € (0,1). Then
2
E(r|Xo=1, X, =N)~ —logN as N — o0. (5.9)
s

Proof. The proof is given in Durrett [10], Section 6.1. It is based on a somewhat lengthy
calculation showing that it takes time

(1) NilogN to go fromizltoiz%;

(2) ~ 2loglog N to go from i = % toi= N — _1o]gVN?
N

(3) ~ flog N to go fromi= N — toi= N.

log N

Thus, after the start at X, = 1 the system spends a long time near 0 (mostly a’s),
then rapidly moves accross and spends a long time near N (mostly A’s), until it hits N
(because of the condition X, = N). |

’The fast crossing from mostly a’s to mostly A’s is called a selective sweep. ‘

The computations in Section 2.1 show that, in the absence of selection (s = 0),
E(r | Xo =1, X, = N) is of order N, which is much larger than the order log N found
in Lemma 5.2.
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5.2 Weak selection

Interesting behavior occurs when there is weak selection, in particular, when N — oo

and
o

" 2N’
Think of %0 as the fitness advantage of A w.r.t. a in the population. (The choice to
divide by 2N rather than N is a matter of convention.)

Write Xt(N) to exhibit the N-dependence and define, in analogy with (2.14),

s=s(N) o € (0,00). (5.10)

N 1 N
v = NX](W), t>0. (5.11)

The following result is the analogue of Theorem 2.1. We assume that

w— lim YV =y, (5.12)
N—o0
and ask whether
v zvh—Igo(Yt(N))tzo = (Y)ezo- (5.13)

Theorem 5.1 The scaling in (5.13) subject to (5.12) is true, with (Y;)i>o the diffusion
process on [0, 1] given by the stochastic differential equation

dY, = o Yi(1 =Y, dt + /Yy (1 = Y;) dW,. (5.14)

Exercise 5.2 Give the proof of Theorem 5.1 along the same lines as the proof of The-
orem 2.1. Use that

bing) —diny) ~ Ny(1—y)[1—(1—s)] = Nsy(l—y) = %ay(l—y) N — oo. (5.15)

The stochastic differential equation in (5.14) has two parts: a deterministic part,
given by a logistic drift term pushing the system towards all A, and a random part,
given by the WF-diffusion term. Like (2.17), it has a unique strong solution. A dual
process exists, but this is more complex than the death process we encountered in
Theorem 2.1 acting as the dual process for the WF-diffusion (¢ = 0). The dual process
in the presence of selection requires a graphical construction (see Durrett [10], pp. 127—
128). We see from (5.11-5.13) and Theorem 5.1 that under weak selection the fixation
time is again of order IV, so that on time scale N the fixation time is of order 1 (just
as for the standard WF-model studied in Section 2.2).

Let us next see what happens when we add mutation. Then the states © = 0 and
i = N are no longer traps and the system has a non-trivial equilibrium Y®). We
consider the limit N — oo with

q T o

u:u(N):ﬂ, v=0v(N)=—, s=s(N)=——. (5.16)
The following result generalizes Theorem 4.2.
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Theorem 5.3 Subject to (5.16), the convergence in (4.15-4.16) is true, with Y the
random variable on [0, 1] with probability density

f(@) = Cppoa® (1 —a) L e®/? x € [0,1], (5.17)

with Cy, » the normalizing constant.

Proof. The proof for 0 = 0 was based on an asymptotic expansion (recall (4.21-4.24)).
The proof for ¢ > 0 can be done quickly by comparison with the case ¢ = 0. To that
end, let (i), i € €2, be the stationary distribution before passing to the limit N — oo.
Then

mw(i)d; = mw(i — 1)b;_q, i€ Q\{0}. (5.18)

Hence, we have

o)) o

j=1

Let bf, df be the birth and death rates for the model without selection, given by (2.12),

177

and let 7*(7), i € , be the associated stationary distribution. For this model the same
recursion as in (5.18) applies, namely,

7 (i)d; = 7" (1 — 1)b}_,, i€ Q\{0}, (5.20)
and so the analogue of (5.19) reads

ro- 1% o[l 3 emo om

j=1 7 j=1 "7

Combining (5.19) and (5.21) with the observation that b; = b and d; = d;(1 — s), we
obtain

(%) _; (1) .
=(1-s5)" e 0\ {0}. 5.22
To -t e e\ (5.22)
Now pick ¢ = [Nz]| with z € (0,1) and let N — oco. Then, since
(1—s) "~ (1) " ~em™2 no oo, (5.23)

it follows that the equilibrium distribution with selection carries an extra factor e?*/2

compared to the equilibrium distribution without selection, explaining the difference
between (5.17) and (4.17). The two equilibrium distributions have different normalizing
constants, which are cancelled out because we divide by 7(0), respectively, 7*(0) before
taking the limit N — oo. Qualitatively the same pictures as in Fig. 12 apply. [

Weak selection tilts the equilibrium achieved under weak mutation. ‘
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Part 11

Multi-colony Wright-Fisher
populations

In Part I (Chapters 2-5) we considered models where a single population evolves under
resampling, mutation and selection. In Part II (Chapters 6-7) we move on to include
migration, i.e., we include the effect of spatial motion. This leads to models with a large
number of interacting populations.

We imagine that each population lives in a colony and that different colonies are orga-
nized into a lattice £, which labels the colonies. In what follows we will consider two
choices:

1. £ = 7% the Euclidean lattice in dimension d € N (Chapter 6),

2. L = Qyy, the hierarchical lattice of order M € N (Chapter 7).

We allow the individuals to choose their ancestors not only from their own colony,
but also from other colonies, according to a prescribed random walk transition kernel
p(z,y), z,y € L. This is called migration, because it causes the types to migrate
from one colony to another. Note that the individuals themselves do not migrate: in
each colony the population remains fixed at N individuals, just as in the single-colony
Wright-Fisher model.

Migration of types rather than individuals is appropriate e.g. for
flowers and plants, where pollen or seeds travel by wind and via
insects. It is less appropriate for animals.
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6 The stepping stone model

In Section 6.1 we introduce the model. In Section 6.2 we derive a formula for the
probability that two individuals, drawn randomly from the population, are identical by
descent. In Sections 6.3.1-6.4.1 we analyse this probability in some specific setups.

6.1 Model

In this section we consider interacting Wright-Fisher populations with mutation but
without selection. The colonies are labelled by the points of the lattice

L=17", (6.1)

which we refer to as the geographic space (see Fig. 14 for the special case d = 2) and are
subject to migration according to a random walk transition kernel (see Appendix A.2.4)

po(z,y) = (1= v)0py +vQ(z,y),  x,y€Z (6.2)

where v € (0, 1] is a parameter and Q: Lx L — [0, 1] is a translation invariant transition
kernel (w.l.o.g. we may assume that Q(z,z) = 0). We define a probability distribution
q: Z¢ — [0,1] by putting Q(z,y) = q(y — =) (with ¢(0) = 0). We further assume that
q has a finite third moment (i.e., 33 ;4 y*q(y) < 00) is symmetric:

Vi=1,....,d: q(z1,...,24...,2q) = @(T1,. .., —Tiy ..., Zq).

Figure 14: Z?: the square lattice with sites and nearest-neighbour bonds.
The evolution of the system is as follows:

(1) At each unit of time, each individual mutates to a new type with probability
e (0,1).

(2) At each unit of time, each individual conditional on no mutation chooses a colony
and adopts the type of a randomly chosen individual from that colony. Individuals
in colony x choose colony y with probability p,(x,y).
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(3) Each colony contains N individuals. All individuals mutate and migrate indepen-
dently (“parallel dynamics”).

The migration under (6.2) amounts to individuals choosing their own colony with prob-
ability 1—v and a different colony with probability v. Given that they choose a different
colony, the choice is made with a probability that only depends on the distance to this
colony. The parameter v is the migration probability. Note that the mutation is like
in the infinitely many alleles model studied in Section 3.2: each mutation introduces a
new type.

6.2 Lineages

We are interested in the lineage of two individuals randomly drawn from colonies x
and y when the system is in equilibrium. When x = y, we assume that two distinct
individuals are drawn from the colony. Due to the presence of mutations, there are no
traps and the system has an ergodic equilibrium.

Let (compare with (4.11))

Y(x,y) = probability in equilibrium that two individuals randomly

drawn from colonies x and y are identical by descent. (6.3)

Clearly, for the analysis of the genealogy of the populations this is a key quantity. We
will compute ¢ (x,y) and study its dependence on x and y. By translation invariance,
(x,y) is a function of y — x only. We therefore write

¢(x) = ¢(0,x). (6.4)

We begin by expressing ¢(y — x) in terms of ¢(0) and the iterates of the transition
kernel p,(x,y).

Theorem 6.1 For all x,y € Z¢,

1- ¢<0) o G;L,l/<l” y)
N G#,V(xvy) - N 4 GW,(O, 0)7

where G (x,y) = > 07 (1 — p)*"pi (2, y).

Py — ) = P(r,y) =

Proof. Let ¢,(y — x) be the probability in the right-hand side of (6.3) at time n when
the system starts from a given initial configuration (e.g. all types 0). Then we have the
recursion relation

(o) = (1= 3 plo 2l 2) [+ (1 ) vl

z2€74

+ (=) > pla, 2 )p(y,y) vala o).
x’,y’eZd
' #y’

(6.6)
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Here, we sum over the two steps  — 2’ and y — ¢ in the lineages of the two individuals
between time n and time n + 1, and we require that no mutation occurs during either
of these steps, so that the lineages continue from 2’ and 3’. The first sum deals with
the case ¥’ = ¢y = z: with probability % the same individual is chosen in colony z
and coalescence occurs, while with probability 1 — % different individuals are chosen in
colony z and the lineages continue from z. (Note that each step in the random walk
causes a type to move in the opposition direction.)

By ergodicity, we have

lim ¢, (z,y) = ¥(z,y),  zy€L (6.7)
Hence (6.6) yields
W) = (1= Y pe. o)~ (1 3 pla ol ) ).
2€72 z' y' €22
(6.8)

The second sum in (6.8) is the limit of the second sum in (6.6) with the diagonal
part added. The first sum in (6.8) is the difference of the limit of the first sum in
(6.6) and the diagonal part of the second sum in (6.8). The first sum in (6.8) gives
the first summand in (6.5), i.e., the term with n = 1, because ¢(z,2) = ¢(0) and
> 0T, 2)pu(y, 2) = 2. pul@, 2)pu(2,y) = pi(x,y) (use the symmetry of p,). The
second sum in (6.8) can be iterated by resubstitution of (6.8). This generates all the
higher summands in (6.5), i.e., > oo (1 — w)*"p2"(x,y) = G, (z,y).

By picking = y = 0 in (6.5) and solving for ¢(0), we get

50) = el

N +G,.,(0,0) (6.9)

Substituting this into (6.5), we get the claim. |

Exercise 6.2 FEzplain why the infinite series in (6.5) converges (so that the iterative
argument in the proof indeed produces the correct formula).

With Theorem 6.1 we have identified the N-dependence of v (z,y), and all that we
need to do is analyze how G, ,(z,y) behaves as a function of y — x and p,v. This is a
basic calculation involving simple random walk on Z? with pausing (recall (6.2-6.12)).
It is easy to analyse G, ,(x,y) numerically. However, let us see what can be done
analytically. In what follows we focus on the cases d =1 and d = 2.

6.3 Omne-dimensional geographic space
6.3.1 One-dimensional lattice

For d = 1 Theorem 6.1 yields the following asymptotic results:
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Theorem 6.1 Consider a stepping stone model on 7Z with a symmetric translation
invariant transition kernel with a finite third moment. Let 0% = > ez v2q(y). Define a

characteristic length scale by putting ¢ = (vo?/2u)'/2. Then

#(0) ~ I+ 2N(21p,1/02)1/2’ (6.10)
¢(x) ~ &(0) exp(—|z[/0), (6.11)

where ~ means asymptotic equivalence as ﬁ — 0.

See Durrett [10, Theorem 5.5] for a proof.

If we choose a symmetric simple random walk, i.e.,

q(2) :{ 7 il =1, (6.12)

0 otherwise,

then we can even obtain an exact result:

Theorem 6.2 In the symmetric nearest-neighbour stepping stone model on 7Z,

Ay

) = N T 2N = )’ (6.13)
where
ho=14 5 2—“+“—z. (6.14)
v voov
See Durrett [10, Theorem 5.1] for a proof.
Note that if £ < 1, then Ay ~ 1 — /22, Al exp(—\/TT“|x|), and so
60~ (6.15)
1+ 2N+ 2uv
e l ~ 6(0) exp(—/ Ll

v

T 14 2Npg+ 2Nu(1— A

since 0 = 1, £ = v/2u. We see that the results from Theorem 6.1 in the case £ <1 are
consistent with the exact results of Theorem 6.2.

6.3.2 One-dimensional lattice torus

We next investigate how the probability of being identical by descent behaves on a finite
one-dimensional torus of size L, i.e., a ring of L-colonies. More precisely, we consider

L=T,=7Zn[0,L-1={0,1,...,L—1} (6.16)

with periodic boundary conditions (which turns T}, into a torus and preserves the trans-
lation invariance). Accordingly, we write ¢ (x) for the probability for two lineages,
sampled from colonies that differ by z modulo L, to be identical by descent (recall

(6.3)).

We have the following theorem (see Durrett [10, Theorem 5.2] for a proof).

54



Theorem 6.3 For the symmetric nearest-neighbour stepping stone model on 7./ LZ,
o(x) = C(NTF? 4 N2, (6.17)
where Ay > A_ are given by

It poow

Ae=1+544/25 + 5 (6.18)
1% 1% 14

and
1/C = 1+ 2N A2+ A2 4 2Nu[(1 = M)A 2+ (1= )N 7. (6.19)
It is reasonable to expect a difference in behaviour for ¢ (x) depending on whether

. l«lip?
A (620
Regime I corresponds to the system not feeling the boundary of the box. Indeed, % is
the average time required for a mutation to occur in one lineage. Consequently, % is the
variance of the displacement of a lineage before a mutation occurs (the variance per step
is v by (6.12)). If this ratio is much smaller than L? then a mutation will occur before
the lineages note the boundary of the box, and the behavior of ¢ (x) will be essentially
independent of L. Regime II, on the other hand, corresponds to the situation where
the lineages wrap themselves around the torus many times before a mutation occurs. In
that case, the behavior of ¢, (z) will depend on L and will be more delicate.

The above heuristics can be actually turned into a rigorous statement. In fact,
suppose that u < v, i.e., the mutation rate is much smaller than the migration rate.
As a consequence of Theorem 6.3 we get the following qualitative results:

o If i < L?L then ¢r(x) ~ ¢(z), i.c., the behaviour of ¢ obtained in Theorem
6.3 is similar to that of ¢ found in Theorem 6.2. Hence, there is little difference
between the ring and the line.

[} Ifi > L2%, then QbL(I) ~ ﬁ,
6.3 is similar to that of a single-site population in the Wright-Fisher model (see the
asymptotic behaviour of (4.6) as i | 0). Hence, the stepping stone model behaves
like a homogeneously mixing population (also called ‘panmitic’ behaviour).

i.e., the behaviour of ¢ obtained in Theorem

See Durrett [10, Theorem 5.3] for further details.

6.4 Two-dimensional geographic space
6.4.1 Two-dimensional lattice

We next move to d = 2. From the general statement in Theorem 6.1 the following
estimates can be derived.
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Theorem 6.1 Consider a stepping stone model on Z? with symmetric translation in-
variant transition kernel with a finite third moment. Define { = (va?/2u)/?. Then

1
~ 2ruN + log(?)

4(2) Kol el = Aol (6.21)

where ~ means asymptotic equivalence as | 0 and
Ko(u) = / dv (1 +v?) Y2 cos(vu), u € (0,00), (6.22)
0

1s the modified Bessel function of the second kind of order 0, which satisfies

1
a0~ B ot (623)

See Durrett [10, Theorem 5.7] for a proof.

The result in Theorem 6.1 shows how the probability for two individuals to be
identical by descent depends on their distance. In what follows we take a closer look at
several subregimes

6.4.2 Two-dimensional lattice torus

As in Section 6.3.2, we may expect different regimes (see (6.20)) to hold when we restrict
to the torus of size L, i.e.,

L=T2=7*N[0,L—-1={0,1,...,L —1}?

with periodic boundary conditions.

In regime I (L? > v/p), as for d = 1, the type does not have time to feel the
boundary because mutation typically occurs much earlier. Therefore the behaviour is
asymptotically equivalent to that described in Theorem 6.1.

Regime II, however, is harder to come by. Our first intuition is that the system
behaves like a “homogeneously mixing population”, because the lineages wrap them-
selves around the torus many times before a mutation occurs and therefore sample
the full torus. In other words, the system behaves like a Wright-Fisher model with a
single colony containing N L? individuals: the ‘panmictic’ behaviour mentioned before.
However, it turns out that this intuition is not quite correct. In fact, we will see that
panmictic behaviour only shows up when

u<l and Nv>loglL, (6.24)

which requires that N = N(L) and v = v(L), i.e., N and v depend on L.

In Section 6.4.3 we first look at Regime II without mutation. In Section 6.4.5 we
add mutation and compute ¢(y — x).
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6.4.3 Coalescing times

To investigate Regime II, we first consider the case p = 0. Since mutations occur
independently of resampling and migration, it will be easy to incorporate them later.

Getting the two lineages to the same colony is necessary to achieve coalescence.
Afterwards, either coalescence occurs at that colony (when the lineages choose the
same ancestor), or no coalescence occurs (when the lineages choose different ancestors).
In the latter case the lineages must proceed further to achieve coalescence. The time
until coalescence equals

T=Ty+Tg (6.25)
with
Ty = the time until the two lineages meet in the same colony, (6.26)
Tr = the subsequent time lapse until coalescence.
Moreover,
Tp=T+1T+---+1T,, (6.27)

where (T});en are i.i.d. copies of the return times of the two lineages (which are inde-
pendent of Tp), and ¢ is an independent geometrically distributed random variable with
mean N. The reason for ¢ is that upon each collision the two lineages have probability
% to coalesce.

We first focus on Ty. We write P, for the law of the two lineages when they start
from two randomly chosen locations in the L-torus.

Lemma 6.2 For =0 and v € (0,1],

w — lim To
L—oo (L?log L) /2mv

=EXP(1) under P,. (6.28)

Proof. The proof is given in Cox and Durrett [6]. The intuition is that it takes order
L?log L steps for the two lineages to visit the L-torus well enough so that they have
an appreciable probability to meet somewhere. This corresponds to (L?log L)/v time
units, because each lineage steps with probability v at each time unit. The exponential
limiting law is typical for “many trials with small success”: the probability for the two
lineages to meet in a given time interval is small and therefore they will meet only after
many trials. [

A more refined result is obtained by looking at two lineages that start not randomly
but at fixed colonies, say x and 0. We write P, for their law, and dy for the unit
measure at 0.

Lemma 6.3 For u=0, v € (0,1] and 8 € [0,1],

To
— i =(1-— EXP(1 P 2
w Lgrolo (LQ log L)/Q’/TI/ ( ﬁ) 50 + 6 ( ) under z(L),0 (6 9)
for any z(L) such that
log |lz(L)[|
L—oo  log L = 5. (630)
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Proof. See Durrett [10], Section 5.3. |

Roughly speaking, Lemma 6.3 says that, for all 8 € [0, 1], if the lineages start at distance
|z(L)|| = LP+°™M from each other, then there is sharp control over the time when they
first meet. Note that all scales 5 € [0, 1] are relevant. Lemma 6.2 corresponds to 8 = 1,
because if x is drawn from 7, then ||z| = L'**°) with a probability tending to 1 as
L — oc.

We next focus on the collision times.

Lemma 6.4 For u=0 and v € (0,1],
Eo(Tg) = NL? (6.31)

and

T
w— lim —~ = EXP(1)  under P, uniformly in x on the L-torus. (6.32)
L—oo N L2 ’

Proof. We write Eq because the two lineages start from the same site. The claim in
(6.31) is a well-known mean recurrence time property of Markov chains, for which we

refer to standard textbooks. The claim in (6.32) is in the same spirit as before: success
only occurs after many trials. |

Exercise 6.5 Note that Eo(Tgr) = NL? is independent of v. What is the intuition
behind this independence?

6.4.4 Without mutation
A comparison of Lemmas 6.2-6.4 shows that within Regime II there are two subregimes:

ITLA. }/logL < N: E(Ty) < Eo(Tr),

ILB. llogL > N: E(Ty) > Eo(Th). (6.33)

In regime II.A, the starting locations of the two individuals do not matter, while in
regime II.B they do matter.

Let us summarize the above observations and formulate the scaling behavior in a
more general form that also includes an interpolation between Regime II.A and Regime
II.B. (See Cox, Durrett and Zéhle [7] and Cox [5].)

Theorem 6.6 If limy o 2 =0 € [0,00],  limy oo DL — 5 € [0,1]. Let
NL? if @« = 00
Cp = 6.34
- {(1+a)L2;+§L if a € [0,00). (6:34)
Then, under Py,
w— lim — = EXP(1), (6.35)
L—oo CL
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while, under Pyp) 0,

o =00: w — limy,_,o, = = EXP(1),
. cL (6.36)
a€[0,00) 1 w—limp e ;- = (1 —7)do + YEXP(1),
where o
= = 1— . .
¥ =la,8) = f+ (- B (6:7)

Note that the scaling for P, is the same as the scaling for P, 1) with 3 = 1 (in which
case v = 1).

6.4.5 Panmictic behaviour for the two-dimensional torus

Having thus obtained the asymptotics of the time to coalescence, we reintroduce mu-
tation and return to the probability of the two lineages being equal by descent, defined

in (6.3). Writing ¢(z,y) = ¢(y — z)(= ¢(z — y)), we have
¢1(x) = Eou([1 — u*"),
=73 S o) =EdL- ). (6:38)

z€[0,L)2NZ2
Inserting w — limy o, 7/Cr = (1 — 7)dp + YEXP(1) into (6.38), we compute (with E
standing for either E, or E, ()

B - ) = [T R e dn = [T e (e as)

L

% _aCpslo () 1 (6'39)
~ (1—7)4—7/0 e TR e ds = 1_7+71+20L10g(ﬁ)’
where ~ refers to L — oo. For p | 0 we have log(ﬁ) ~ 1, and so we arrive at
B =) ~ (=) +7 g (6.40)

where ~ refers to L — oo and p | 0.

We can now insert the various choices for C, and v appearing in Theorem 6.6, to
obtain the asymptotic behavior of ¢;, and ¢ (x) in the various cases. For instance, for
¢r (corresponding to v = 1) we find that if & = oo, then

1

~———  with Nogg = NL?. 6.41
1+ 2Ny 11 . (6.41)

oL
This is the same as the probability for two individuals to be identical by descent in a
single colony Wright-Fisher model with N individuals (recall the calculation of x in
(4.6) in the proof of Lemma 4.1). Thus, in this limit where a = oo, the stepping model
behaves as if all individuals are thrown into a single colony and ancestors are chosen in
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a uniform manner from the entire population, which is the panmictic behavior alluded
to at the beginning of this section. In this case, apparently the spatial structure of the
stepping stone model is irrelevant and it exhibits so-called mean-field behavior, i.e., all
individuals influence each other in the same manner. Similarly, if @ € (0, 00), then

1 L?logl 1
with Nog = (14 «) 8% _1ta

~—— NL?. 6.42
14+ 2N 1t 2mv o ( )

bL

Here, the effective population size Nyg is the total population NL? times a moderation
factor 1%’ that encapsulates the effect of the spatial structure.

Exercise 6.7 Note that IJFTO‘ > 1. Explain why it is plausible that Nog > N L.

7 Hierarchical models

In this section we make a different choice for the lattice £ labelling the colonies, namely,
the so-called hierarchical lattice of order M. We will show that in the limit as M —
oo this model displays universal behavior on large space-time scales. This universal
behavior will turn out to be the result of repeated application of a renormalization
transformation connecting successive hierarchical levels.

Remark: Renormalization is a key tool in statistical physics, an area that aims to
describe the large space-time behavior of interacting particle systems. The idea is that
on large space-time scales an effective law of large numbers is in force, allowing us to de-
scribe the macroscopic behavior of such systems in terms of partial differential equations
that capture the flow of macroscopic quantities like density, momentum and energy. An
example is the set of hydrodynamic equations describing the flow of macroscopic quan-
tities in fluids and gases. The shape of the hydrodynamic equations is the same for all
fluids and gases, but they contain certain effective parameters (like compressibility and
viscosity) that depend on the fluid or the gas in question. These effective parameters
are the “finger prints” of the specific microscopic interactions and dynamics in the sys-
tem after the limit to macroscopic space-time scales has been taken. We will see in this
section that a similar behavior occurs for the stepping stone model on the hierarchical
lattice.

In Section 7.1 we define the model. In Section 7.2 we introduce the block averages
on successive hierarchical space-time scales. In Section 7.3 we show that these block
averages behave like autonomous diffusions in the limit as M — oo, with a diffusion
function that depends on the scale. In Section 7.4 we analyze the renormalization trans-
formation that links the diffusion functions on successive scales and analyze its orbit. It
turns out that the WF-diffusion arises as the universal attractor of the renormalization
transformation, a fact that is emphasized in Section 7.5.
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7.1 Hierarchically interacting diffusions

The hierarchical lattice of order M is the set
Qu = {.T = (xk:>kEN: T € {0, 1,... ,M — 1}, Zl’k < OO} . (71)

Think of z as the genetic address of colony x:

x1 is the house, x5 is the street, x3 is the town, x4 is the province, x5 is the
country, etc.

(See Sawyer and Felsenstein [20] for the genetic background of this choice.) The re-
striction ), .y #x < oo (i.e., all z end with only zeroes) makes {2j; countable. With
componentwise addition modulo M, {25, becomes a group.

Figure 15: The hierarchical lattice Q23 (dots) and its hierarchical distance structure (lines).

On €, there is a natural distance, called the hierarchical distance:
|lx — y|| = min{k € Ng: x; =y, VI > k}. (7.2)

In words, the height of the first common ancestor of x and y in the tree structure given
in Fig. 15 represents the distance between two points. The hierarchical distance is in
fact an wltrametric:

[ =yl <max{fjz — 2, |z = yll} ~ Va,y,2 € Q. (7.3)

In particular, all elements in any two disjoint balls around any two sites have the same
distance to each other.

Exercise 7.1 FExplain why the last two statements are true.

We will be interested in the following system of coupled stochastic differential equa-
tions:

Y1) = ¢ Y r(a,y)Y,(t) = Yol dt + o(ValD) dW.(t), o€ Qu, t >0, (7.4)

YEQ M

where:

(1) ¢ > 0 is a constant;
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(2) r: Qn x Qp is a non-degenerate transition rate kernel;
(3) g: [0,1] — [0, 00) is a non-degenerate diffusion function;
(4) {W,}zeq,, is an i.i.d. collection of standard Brownian motions.

As initial condition we take
Y.(0)=6¢€(0,1) Ve Qy. (7.5)

The system in (7.4) models a collection of interacting Wright-Fisher diffusions with
migration rate ¢, migration kernel r(z,y), and diffusion function g (recall (2.37)). It
is a continuous space-time version of the stepping stone model studied in Section 3.1,
with ¢ and r(z,y) taking over the role of v and ¢(y — z) in (6.2). There is no mutation,
and the diffusion function g is more general than the diffusion function g*, given by
g*(x) = z(1 — x) encountered for the Wright-Fisher diffusion in Section 2.1.2. Note
that the first term captures the interaction between the colonies, while the second term
is autonomous for each colony.

For each = € Qy, Y, (t) denotes the fraction of individuals of type A in colony z at
time ¢ (in the scaling limit given by (2.14-2.16)). The colonies evolve via resampling,
described by the second term in (7.4), and interact via migration, described by the
first term in (7.4). In order for the second term to make sense, we need to place some
restrictions on ¢g. In what follows we will assume that:

(1) 9(0) =g(1) =0;
(17) g(u) >0Vue(0,1); (7.6)
(#43) ¢ is Lipschitz on [0, 1].

Under these restrictions, (7.4) has a unique strong solution, i.e., {Y,(t): x € Qp} is
measurable w.r.t. the sigma-algebra generated by {W,(s): = € Qy, 0 < s < ¢} for all
t > 0. The class of functions satisfying (7.6) will be denoted by H.

In what follows we will make a special choice for the migration kernel (just as we
did in (6.12) for the stepping stone model on Z?), namely,

ew) =5 Y T (77)

M
k>[z—yl

where N, is the normalizing constant. This choice, which will turn out to be particu-
larly well adapted to the hierarchical structure of £2);, amounts to a migration mecha-
nism in which an individual, for each k € N, with a probability proportional to 1/M*~!
chooses “space horizon” k, and randomly chooses a colony from the k-block around its
own colony.

Exercise 7.2 Show that Ny = M?/(M?* —1).
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7.2 Hierarchy of space-time scales

We will look at the system along an increasing sequence of space-time scales. To that
end, we define

1

P = — Y Y (M),  zeQu keN (7.8)

yEQNr

ly—=ll <k
This is the average of the components taken over a block of radius k centered at =z,
with time speeded up proportional to the volume of the block. Note that M* = |{y €
Qe ly — || <k} for all z € Qpp. We will refer to Yz[k}() as the block average around
x on space-time scale k (see Fig. 16).

|
e T~ T~ T T T

3-block

2-block

Figure 16: Picture of a k-block around the site nn € Q3 for k = 1,2,3. The site £ € Qg falls
in the k-block for k£ > 2, but not for £ = 1.

The block averages themselves satisfy a system of stochastic differential equations:

T x

1
DI0) = 3 g V00 -]

leN
1 ) " (7.9)
+ |3 D> gV (Mk)) aW(t),  weQu, t>0,k€EN,
YEQ
ly—=|<k

where {ngk}}xeg are i.i.d. standard Brownian motions for every k € N.

Exercise 7.1 Check (7.9). Hints: To find the term multiplying dWik](t), use the scal-
ing properties of the independent Brownian motions involved, namely, aW,(t) =4
AW, (a®t) and \/aW +VOW' =3 \/a +0W". To find the drift term:

(1) Write Qur as a sum of points that are equally distant from the base point x of
(7.4).

(2) Invert the order of summation, to arrive at an expression that depends on the
block averages around x.
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(8) Split the sum into terms that are at distance < k from x and terms that are at
distance > k of x (use the ultrametric property).

(4) Note that the first part is zero (by symmetry).

(5) Change the summation indices in the second part to find the desired expression.

7.3 Hierarchical mean-field limit

In this section we look at the successive block averages and identify their behaviour in
the limit as M — oo.

k = 0: In this case (7.9) reads

avin) =S i V0 0] e+ Jo(re) anlie. (10)

leN

As M — oo, only the term with [ = 1 survives. Moreover, w — limy;_, Y}E[H(Mflt) =
Yxm(O) =0 for all t > 0, by (7.5). Therefore we obtain that
w— lim Y/O(t) = Z20 1) (7.11)

T
M—o0

with Z1%(t) the solution of the stochastic differential equation

dZ(t) = clf — Z(t)] dt + \/g(Z (1)) dW (2). (7.12)

In other words, in the limit as M — oo the components decouple and each component
performs an autonomous diffusion with migration rate ¢, drift towards 6 and diffusion
function g¢.

k=1 As M — oo, again only the term with [ = 1 in (7.9) survives. Moreover,
w — limps00 Y;[Q](M_lt) = Y;[Q](O) =0 for all t > 0, by (7.5). Furthermore, for fixed ¢
the family

(Y, (M)} eay,. (7.13)

ly—=z||<1

decouples and each member converges almost instantly to the equilibrium distribution
associated with (7.12), with the drift towards 6 replaced by a drift towards Ya ' (¢), the
instantaneous value of the 1-block average. Thus, as M — oo,

1

w— lim — > g(v,(M) = (Fg) (1)), (7.14)
ﬁfnyél

where

(Fg)(v) = / (1) () (7.15)
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with v, 4 the equilibrium distribution associated with the diffusion

dZ(t) = clv — Z(t)| dt + \/g(Z(t)) dW (t), (7.16)
which is the same as (7.12) but with 6 replaced by v. Therefore we conclude that

w— lim YU(t) = Z0(¢) (7.17)

M—oo

with ZU(#) the solution of the stochastic differential equation

dZ(t) =cl0 — Z(t)] dt + \/(Fg)(Z(t)) dW (t). (7.18)

Note that this is again an autonomous diffusion, but with a different diffusion function
than in (7.12), namely, F'g instead of ¢g. In Section 7.4 we will give an explicit formula
for the map F' defined by (7.15-7.16).

k > 2: By moving up further in the hierarchy we find, iterating the above argument,
that
w— lim YH(t) = ZF(t) (7.19)

M—oo

with ZI¥(t) the solution of the stochastic differential equation

dZ(t) = c[0 — Z(t)) dt + /(F*q)(Z (1)) dW (1) (7.20)

with diffusion function F¥g, the k-th iterate of F' applied to g.

Theorem 7.1 The above convergence scheme holds for allc > 0, 0 € (0,1) and g € H,
the class defined by (7.6).

Proof. The proof is beyond the scope of this course. We refer to Dawson and Greven
8]. |

The limit M — oo is referred to as the hierarchical mean-field limit. In this limit
each colony has a large number of neighbours with which it interacts equally strongly.
For each k, the k-block feels a drift towards the value of the (k+ 1)-block around it and
equilibrates fast w.r.t. the slower motion of that block, reaching what is called a quasi-
equilibrum. The diffusion function of the (k + 1)-block is the average of the diffusion
function of the constituent k-blocks w.r.t. that quasi-equilibrium (see Fig. 17).

7.4 Renormalisation transformation

We next move on to studying the renormalisation transformation F in detail. To
simplify the calculations somewhat, we henceforth pick ¢ = 1.
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block average

1 2 N-1 N

Figure 17: Given the value of a block average, the N > 1 constituent components
equilibrate on a time scale that is fast w.r.t. the time scale on which the block average
fluctuates. Consequently, the volatility of the block average is the expectation of the
volatility of the constituent components under the conditional quasi-equilibrium.

Theorem 7.1 For every v € (0,1) and g € H, the stochastic differential equation in
(7.16) has a unique ergodic equilibrium v, , given by

Uy g(du) = NL fo,q (1) du, u € [0,1], (7.21)
where
1 Yw—wv
sl = o |= [ iu] 0 = =0 @22

and N, 4 is the normalizing constant.

Proof. The equilibrium v, 4 is defined by the requirement that

/O (Cogf)(W)ng(d) =0 ¥ f € D(Lyy), (7.23)
with 5 2
Lyg=(v— u)% + g(u)W (7.24)

the generator of the diffusion in (7.16) and D(L,,) its domain. The latter domain is
dense in the set of continuous functions on [0, 1]. After inserting (7.21) into (7.23),
ignoring the normalising constant and partially integrating the resulting equation (the
first term once and the second term twice), we get

[ 700 |- g {0 = g0} + 5 o] du=0 w7 e DLy

(7.25)
The boundary terms that arise from the partial integration vanish because v, , puts no
mass at 0 and 1. We conclude that the term between square brackets must be zero.
Removing one differentiation, we end up with the equation

(0= g ) + o gy ()} = o, (7.26)
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where C, , is some integration constant. Solving (7.26) we find (7.22), after we absorb
C,,4 into the normalising constant Ng,,. ]

Exercise 7.2 Check the above computations. For the fine details, in particular, issues
of integrability near the boundaries of [0,1], see Baillon et al. [1].

In view of Theorem 7.1, F' takes on the form

1
v d
(Fg)(w) = Jogoaltle = (r.2m
fol Hov,g (u)du
It can further be shown that, for all g € H,
w — lgg)l Vg = 00, w — 11%1 Vpg = 01, (7.28)
so that
(Fg)(0)=g(0)=0,  (Fg)(1) =g(1) =0. (7.29)

Note that F'in (7.27) is a non-linear integral transform acting on the class H. Now
that we have an explicit form for F', we can study its iterations.

Theorem 7.3 FH C H.

Proof. We must show that if g € #H, then also Fg € H. It is clear from (7.29) that Fg
satisfies condition (i) in (7.6). From (7.21-7.22) we see that, for all v € (0,1), v, , puts
mass everywhere in (0, 1). Therefore Fg satisfies condition (ii) in (7.6). Finally, it can
be shown (see Baillon et al. [1]) that F' lowers the Lipschitz constant, i.e., if

—g(b
Llg) =% sup ’—g (@) =9 )’ : (7.30)
a,b€[0,1]: a—2>b
a#b
then
L[Fg|<Llg] VgeH. (7.31)
Hence, also condition (iii) in (7.6) carries over. n

According to Theorem 7.3, we can iterate F' indefinitely and study its orbit

{F*g} ke, (7.32)

Our key result is the following universal scaling behavior:

Theorem 7.4 For all g € H,
klim kF*g =g*  uniformly on [0,1], (7.33)
—00

with
g"(u) = u(l —u) (7.34)

the Wright-Fisher diffusion function.
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Proof. The proof uses the iterates of an associated sequence of Markov kernels. Fix

g € H. Let (o denotes composition)
K, (v, du) = v, 4(du), (7.35)
K‘ék]:KFk_lgOKFk—QgO"'OKg, kGN ‘

Our equilibrium v, , satisfies four relations:

(CL) fo Vy,g du) =1,

(b) 0 UV’U g(du) =,

(0) fo u? va (du) = v? + (Fg)(v), (7.36)
)y 9w g(du) = (Fg)(v).

Relations (a) and (d) are trivial.
Exercise 7.5 Deduce (b) and (c) from (7.21).

[teration of (7.36) leads to four relations for the kernel K M,

@) Jy Ké’“ <v du) =1,
() fo uK P (v, du) = v, (7.37)
@ Jy 2va1(@ du) = v* + k(F*g)(v),
(d) Jo 9 (v, du) = (F*g)(v).
Exercise 7.6 Derive these relations.
Now comes a clever trick. Subtract () from (b'), to get
1
/ w(l — u) KW (0, du) = v(1 - v) — K(F*g)(v). (7.38)
0
Since the left-hand side is > 0, we see that
kF*g < g* uniformly on [0,1] for all k& € Ny. (7.39)

This is already half of (7.33). To get the other half, we proceed as follows. It follows
from (7.39) that limy_,o, £*g = 0 uniformly on [0, 1]. Hence, (V') and (d’) give that
w — lim K[ () = (1 = 0)do(+) + v61 (") Vo e (0,1), (7.40)

k—o00

where we use that g vanishes at 0 and 1 only. Inserting the above identity into (7.38),
we arrive at

lim [u(1 —v) — k(F*g)(v)] =0  Yov € (0,1). (7.41)

k—o0
Thus we have proved (7.33) with pointwise convergence. To get uniform convergence,
we use that the family {kF*g}ren, is uniformly equicontinuous on H, a fact that can
be deduced from the analogue of (7.31):

LIKfI<LIf]  VfgeH. (7.42)
The proof of (7.31) is technical (see Baillon et al. [1]). |
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7.5 Conclusion

The beauty of Theorem 7.4 is that is expresses full universality: no matter what g € H
we pick as the diffusion function for the single components of our system (7.4), the
diffusion function F*g for the k-blocks (defined by (7.8)) with k large are close to a
multiple of the Wright-Fisher diffusion function, namely,

1
Fkgrv%g* as k — oo, (7.43)

In other words, Wright-Fisher is a global attractor on large space-time scales.

In retrospect, this universality justifies the fact that we dedicated
an entire course on the Wright-Fisher model!

A Appendix

In this appendix we recall a few basic facts about special probability distributions
(binomial, geometric, Poisson, exponential, beta, gamma) and elementary stochastic
processes (discrete-time and continuous-time Markov chains, Poisson processes, random
walk, Brownian motion).

A.1 Special probability distributions

I. Discrete:

Binomial distribution BIN(n, p):
fk)=()pFQ=p)"* k=0,...,n, withn eN, pe (0,1),
E(X) =np, VAR(X) = np(1 — p).

Geometric distribution GEO(p):

f(k) =p(1 —p)*, k € Ny, with p € (0, 1),
E(X) = (1-p)/p, VAR(X) = (1 —p)/p*.
Poisson distribution POISSON(\):

f(k) = e\ /R k€ Ny, with A € (0, 00),
E(X) = )\, VAR(X) = .

I1. Continuous:

Exponential distribution EXP()):
f(x) = Xe™* x €]0,00), with X € (0, 00),
E(X) = 1/\, VAR(X) = 1/\%,

Beta distribution BETA(«, /3)
f(2) = g z* (1 —2)°!, z € [0,1], with a, 8 € (0, 00),
E(X) =a/(a+ B), VAR(X) = af/(a+ B)*(a + B+ 1).
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Gamma distribution GAMMA («, 3):

f(z) = %xa_le_ﬁx, x € [0,00), with «, 8 € (0, 0),

E(X) = o/, VAR(X) = o/

A.2 Elementary stochastic processes

A.2.1 Markov chains

A Markov process is a random process without memory: its future depends on its
present, not on its past. We focus on time-homogeneous Markov processes, for which
the transition probabilities or transition rates do not depend on time.

Markov processes in discrete time X = (X, )nen, On a countable state space S
are characterized by an initial distribution u = (p;)ies and a transition matrix P =
(P;j)ijes, with the interpretation

pi=B(Xo=1),  Py=P(Xup =j| X, =i). (A1)
The distribution at time n is given by the formula

€S

Markov processes in continuous time X = (X¢);>p on a countable state space S
are characterised by an initial distribution p = (;);es and an infinitesimal generator
L = (Ljj)i jes, with the interpretation

, 1 . ,
i =P(Xy = 1), Lij = h%l ; [P(X; =3 | Xo=1)— 6] (A.3)

Note that L;; > 0 for ¢ # j and Z]es = 0: L;j, © # 7, has the interpretation of
the rate to jump from ¢ to j, while L;; is minus the rate to jump away from i. The
distribution at time n is given by the formula

P(X, = j) =D niP)y; (A4)

where P, = 't defines a semigroup (P;)¢>o-

When S is uncountable, sums are replaced by integrals, and some extra care is needed
with the definitions of P and L, P;, which become operators acting on appropriate sets
of test functions f, e.g.

(LA = [FEUCD 1 Xo=n)] | o (RO0) =X | Xa=0). (A5

The above implies that we can write the Dynkin formula (using the convention that
EY[f(Xy)] = E[f(X0) | Xo = y]):

B O] = 1)+ B[ (L0)X,ds] (A.6)
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Equivalently, in terms of the semigroup (S(¢)):>o corresponding to the Markov process,
given by EY[f(X,)] = (S(t)f)(y), we get

(SO () = Fy) + / ds S(s)(L)(w). (A7)

We can rewrite the above relation in a path-wise expression by defining a residue term:
t

M = 1)~ £(X0) ~ [ ds (LX), (A3)
0

where we note that (Mtf )e>0 is a martingale with respect to PY, with (F;)¢>o the relevant
filtration for every initial condition y. To see why, we compute for t = u + s

B [atf - ! | 7] = B[1(%) - 50v) - [ (LA, dr | F) (A.9)
= 5= )X~ S00) — [ S =)L)
= S(F(X) — F(X) = [ SEULAEK.) dr = ol
To conclude, it suffices to prove that ¢(u) = 0 for every u > 0. To do so, note first that
£(0) =0 (A.10)

and

1 u+h
#'(u) = Tim = [(S(u+7) )(X) = (S(w) f)(X) —/ SrILF)(X)dr] (A1)

= lim % [(S(R)(S(u)f))(Xs) = (S(u) F)(X,) = S(u)(Lf)(X)
= S(u)(Lf)(Xs) = S(u)(Lf)(Xs) = 0.

To understand the last passage, note that we can rewrite (A.5) as

lim ~((S(h)g)(y) — 9(u)] = (Lg)(y). (A12)

h—0 h

So taking g(y) = (S(u)f)(y), we see that

lim —(S()S() ) (X.) — (S() (X)) = (LS F)(X) = (S@LA(X).  (A13)

h—0 h

(See Ethier and Kurtz [11, Proposition 1.5].) This proves that ¢(u) = 0 for every u,
which implies that
EY[M] - M!|F]=0 (A.14)
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A.2.2 SDE and Martingale Problem

There is a correspondence between an SDE and a Martingale Problems. The rule of
thumb is the following. If X = (X});>¢ is a solution to the SDE

with B = (B;):>0 a Brownian motion, then X is a solution to the martingale problem
with generator L given by

1

(L)) = b)f'(v) + 507 () [ (y)- (A.16)

The converse is true also: If we have a solution of to martingale problem, then we can
construct a probability space and a random variable X such that

For more details on the correspondence between the coefficients of an SDE and the
generator L, see Karatzas and Sheve [16, Propositions 4.2 and 4.6]

A.2.3 Poisson process

The Poisson process with rate A € (0, 00) is the continuous-time Markov process N =
(N¢)i>0 on state space Ny, starting at Ny = 0 and making unit increments at random
times (Tg)ren, with 0 = Ty < Ty < Ty < ..., such that (T — Tx), k € Ny, are i.i.d.
with distribution EXP(\). These random times form a random subset of [0, o), which
is referred to as the Poisson point process with intensity A. This random subset has the
property that for any collection of disjoint subsets U; C [0, 00), | € I, with I some finite
index set, the numbers [{k € N: T}, € U;}|, | € I, are independent and have marginal
distributions POISSON(|U;]), [ € I.

A.2.4 Random walk

A random walk on Z%, d > 1, in discrete time is any Markov process X = (X,,)nen, On
state space Z¢ whose transition matrix is given by

Pij = Pj—is <A18>

where i — p; is some probability distribution on Z¢, i.e., the transition probabilities are
invariant under shifts. Due to this property, X has the representation

Xp=Xo+ M +---4+Y,), (A.19)

where (Y )gen are i.i.d. with P(Yy, =14) = p;.

The same formulas hold in continuous time with L;; = [;_; replacing (A.18), where
i +— [; is any function satisfying I; > 0,7 # 0, and ), ;4 [; = 0. The same definitions
apply when Z¢ is replaced by any set that is a group under the operation +.
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A.2.5 Brownian motion

Brownian motion W = (W;);>¢ is the continuous-time Markov process on R character-
ized by four properties: (1) its increments over disjoint time intervals are independent;
(2) its increments over time intervals of length s have distribution N(0, s), the normal
distribution with mean 0 and variance s; (3) it has continuous paths, i.e., t — W, is
continuous; (4) Wy = 0.

Brownian motion arises as the space-time scaling limit of simple random walk S =
(Sn)nen, on Z, the random walk whose i.i.d. increments are 1 with probability 3 each.
Namely,

w— lim [ — = (W, , A.20
tim ()~ we (A.20)

where w — lim denotes weak convergence on path space.

Brownian motion has generator (Lf)(y) = 3" (y), i.e.,

EU@%»—EU@%»=E(%}fﬂuw@y (A21)

where f: R — R is any test function that is twice continuously differentiable.

Diffusion processes are obtained from Brownian motions by changing their local
characteristics: add a local drift and add a local volatility. Durrett [10], Chapter 7,
contains a quick introduction to diffusion processes. The WF-diffusion has generator

(L)) =y(L—y)5f" (), e,

MﬂKD—MﬂKD—E(AYKLJ@%#O@w)- (4.22)

The analogue of (A.22) for the Brownian motion with local diffusion function g: R —
[0, 00) reads

B(0) - B 00) =B ( [ ov) 4 () ds). (A.23)

B MRCA-process and F-process

B.1 Look-down construction

To investigate (A¢)ier and (F})ier, we use Pfaffelhuber and Wakolbinger [19] and the
“particle construction” of Donnelly and Kurtz [9], called look-down construction, which
we will now describe (see Fig. 18).

Identify each element (¢,7) of the set R x N with the individual at time t at level i.
To describe the births of new individuals in the population, define for all levels i < j
the look-down process P;j = (P;;(t))ier as a rate-1 Poisson process on R. At each point
of P;;, level j looks down to level 7, which means that the individual at level ¢ produces
a copy of itself, which is inserted at level j. For each time ¢y, when level j looks down
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Figure 18: Part of a look-down graph. Biological time is running upwards and level numbers
are running to the right. Only (parts of) two lines L,, and L,, are drawn. At time ty level
j looks down to level i and individual (¢g,j) is born. Each time an individual in line L,, is
pushed one level up, the individual in line L,, that lives at the same time is pushed one level
up. The backward level process of individual (sg,n) jumps from level j to level i at time ¢.

to level 7, the individuals at levels j, 7+ 1, ... are pushed one level up to make room for
the new individual (¢g, 7). As time runs forward, the new individual is in turn pushed
one level up each time there is a birth at one of the lower levels. To be precise, the new
individual born at level 5 at time %, is pushed one level up at all times t; < t5 < ...,
where t,, is a point of Py, for some 1 <17 < k < j +n, for all n € N. The evolution over
time of an individual born at level j at time ¢ can thus be described by a line of the
form

L= ([to,t1) x {7} U([t1,t2) x {7 +1}) U ([ta,t3) x {7 +2}) U--- CRx N.  (B.1)

See Fig. 18 for a graphical illustration. For each individual (¢,i) € R x N there is a
unique line L such that (¢,7) € L. An individual at level j is pushed one level up at
time t if and only if level £ looks down to level ¢ at time ¢ for some 1 < i < k < j.
This leaves j(j — 1)/2 possible values for i and k, and therefore pushing rates increase
quadratically in j. Hence, to, = lim,, . t, is finite with probability 1. We say that a
line L exits at time t,,. Note that each individual in L is “pushed to infinity” as L
exits.

Thus, for each time ¢, when level j looks down to level ¢ an individual (¢o, 7) is born.
As time runs forward, the individual is pushed up one level at a time until it reaches
infinity, where the individual dies and its (unique) line L exits at some finite time .
The random tree consisting of all lines L C R x N is known as the look-down graph. The
term particle construction for the construction just described is justified by identifying
each individual and its corresponding line with a particle and its trajectory in R x N.
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Any line L in the look-down graph backwards in time leads to a coalescence with
another line L'. Indeed, the individual (to, j) in L that lives at the earliest time of all the
individuals in L lives at a time when level j looks down to level ¢ for some ¢ < j. Since
individual (¢p,7) has a unique line L' such that (¢o,7) € L', the lines L and L’ coalesce
in (¢g,7). Thus, the tracing of the evolution of an individual backwards in time does
not stop at the end (or at the beginning in the forward sense) of its line, but leads to
an unambiguous and endless trajectory through different lines in the look-down graph.
We will call this trajectory the ancestral lineage of the individual, which we will now
formally construct.

First note that the look-down graph always contains the immortal line w = R x {1}.
Fix s € R. For each n € N there is a unique line L = L,, of the form (B.1) such
that (so,n) € Ly, and a function Ap, : [to,te) — {j,7 + 1,...}, t — i such that
(t,1) € L,. Next, reverse time and let X" = Ay (sg —t), t € [0,50 — to]. As time
runs backwards, there comes a time where ¢ > sy — to, so that X" is no longer defined.
However, since t, is a point of F;; for some ¢ < j, there exists an m < n such that
(to,i) € Ly, and such that X/" (in particular) is defined for all ¢t € (s — tg, S0 — tg),
where ¢, = inf{¢t: 35/ € N: (¢,5') € L,,,}. Now t{ is a point of Py for some 7' < j'.
Repeating this argument, we get a sequence n > m > ... > 1 and a sequence of
intervals I,, = [0, so — to], Im = (S0 — to, So — t§), .. such that U;I; = [0,00). (Indeed,
((—o0, 80] x {1}) C Ly.) Thus, for any individual (sg,n) € R x N we can define its
backward level process (P, (t))i>o by letting

D, (t): [0,00) = N, t— X; iftel. (B.2)

The ancestral lineage of an individual (sg, n) equals (¢, ®,,(t)):>0. Note that the ancestral
lineage of any individual will eventually coalesce with the immortal line, i.e.,

Vne NIVt >t &,(t) = 1. (B.3)

The look-down tree Ty consists of all the ancestral lineages (t, ®,,(t)):>o of the indi-
viduals (s,n), n € N, for some reference time s = s, (see Fig. 18).

B.2 Look-down construction applied

By the definition of the look-down processes P;;, any two ancestral lineages in 7, coalesce
with rate 1. This means that 7; has the same distribution as the coalescent (defined in
Section 3.1). The particle construction can therefore be used to describe the evolution
of a population in the WF-diffusion. To that end, let the levels of the individuals at any
time be ordered by persistence, i.e., i < j if and only if the offspring of individual (¢,7)
outlives the offspring of individual (¢,j). Note that with the ordering by persistence,
the look-down processes Pj;, @ < j, suffice to describe each birth in the population in
the WF-diffusion.

B.2.1 Identification of the MRCA-process

In this section we prove Theorem 3.2.
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Proof. 1t is enough to show that (A;)cr coincides with Pjo. First note that a MRCA
in the particle construction must always be at level 1. We will prove that (¢,1) is a
MRCA if and only if ¢ is a point of Pis.

“=": Observe a MRCA at time t in the coalescent tree and the two individuals that
directly descended from the MRCA. (We can identify these two time-¢ individuals as
the MRCA and its copy.) Then t = A, for some s > ¢ and the two oldest families in the
time-s population have each descended from one of the two individuals. This means
that the other individuals in the population at time ¢t = Ay do not have living offspring
at time s. The ordering by persistence in the particle construction implies that these
other individuals all have higher levels than the MRCA and its copy. Hence, at time
Ay the copy of the MRCA is inserted at level 2. i.e., t is a point of Pjs.

“<”: Let t be a point of Pj. Then individual (¢,2) is a copy of individual (t,1).
The ordering by persistence implies that there exists an s > t such that the time-s
population has descended from the individual (¢,1) and its copy (¢,2), i.e., (¢,1) is the
MRCA of the time-s population. |

The proof of Theorem 3.2 implies that each point ¢y of Py initiates a line L%, of
the form (B.1) where j = 2 and ¢y = «; for a certain ¢ € Z. Such a line L% is called
a fization line. Let & denote the exit time of L%. Note that at time & the offspring
of individuals (a4, k), k = 3,4,..., goes extinct. Therefore we have that &; equals the
infimum of times ¢ at which (a4, 1) is the MRCA of the time-¢ population, thus it follows
that the exit times of the fixation lines coincide with the points of (F})er, i.e., & = 5
for all 7 € Z.

Let A} be the time at which the MRCA of the individuals (¢,k), k = 1,...,n, lives.
Since the MRCA of the first n 41 time-t individuals is a common ancestor of the first n
time-t individuals, we have A? > A7 for all n € N. Define ©,, = (0,,(t))er by letting

1, if A > APt
@n(t> - { 0’ if A? — A;Hl. (B'4)
and let N, (t) denote the number of times that ©,,_; jumps from 1 to 0 during the time
interval [0,¢], n > 1. Then N,, = (N,(t)):er is a rate-1 Poisson process (see Donnelly
and Kurtz [9], Lemma 3.5). We will use the particle construction to show that this
implies the following theorem.

B.2.2 Identification of the F-process

In this section we prove Theorem 3.3.

Proof. Define 5" = inf{t: A} = o;}. First we prove that the times {8'};°__ coincide
with the jump times of N,. Note that 5 is the time at which the fixation line L%
reaches level n: 37 = inf{t: (t,n) € L%}. At this time, the MRCA of the first n — 1
individuals equals the MRCA of the first n individuals, so that ©,,_1(¢) jumps from 1
to 0 at time ¢t = 37, i.e., IV, jumps at time . On the other hand, if N,, jumps at time

t, then ©,,_1 jumps from 1 to 0 at time ¢, so t must be the infimum of times at which
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the MRCA of the first n — 1 individuals equals the MRCA of the first n individuals.
This implies that a fixation line L% reaches level n at time ¢t = . It follows that the
times {5"}2__ are the jump times of the rate-1 Poisson process N,,. Next, since the

points of (F})iwer are given by f; = lim,,_,o 47, the theorem follows. |

A more intuitive, but less formal argument for the fact that (F});cg is a rate-1
Poisson process is the following. First note that if (F});er is a Poisson process, then
its rate equals the rate of (A;)er. This is a consequence of Theorem 3.1: the expected
time between a population and its MRCA is constant. It remains to show that the
time between jumps of the MRCA is exponential. Let X; and 1 — X; denote the sizes
of the two oldest families in the population at time ¢. Fix t5 € R. There exists an
i € Z such that ty € [, 8ix1). The random reproduction in the WF-model implies
that Xy, is uniformly distributed on [0, 1]. This also holds conditioned on A;, = «;. So
we have that X; is uniformly distributed on [0, 1] for all t € [§;, Bi+1). At time G;11,
when the MRCA jumps from «; to «;11, one of the oldest families dies out and two new
oldest families come into existence. These two families are again of random size: for
t1 € [Bit1, Biv2) we have that X, (conditioned on A;, = ;1) is (standard) uniformly
distributed. This implies a memoryless waiting time between jumps of the MRCA, so
that the time between jumps of the MRCA is (standard) exponentially distributed.

To derive Theorem 3.1 from the particle construction, let ¢ € Z and consider the
fixation line L% starting at time a;. The infimum 7; of times ¢ for which individual
(v, 1) is a common ancestor of the population at time a; + t equals the time it takes
for Lt to exit. At any level k& € N\{1} of L% there are (%) rate-1 Poisson processes
to initiate a push to level k + 1, so it follows that E(T;) = > .-, (,;)—1 = 2. Now let
t € R. Since T; = f; — a;, Theorem 3.1 holds if and only if E(3; — a;) = E(t — A;). This
may seem counter-intuitive because A; = «; if and only if ¢ € [5;, 5;41), but it can be
explained via the so-called waiting-time paradoz: a time point is more likely to fall in
a long interval than in a short interval between Poisson events.
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